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Abstract
Hypersonic airbreathing propulsion has been under research since the mid 1960s and will
continue to be of interest as the imperative for cheaper, safer and more reliable access to
space grows. As such, the compression of high Mach number boundary layers in scramjet
intakes is an ongoing field of interest.
Even at high Mach numbers, laminar boundary layers under constant conditions are well
understood and well represented theoretically. Abrupt changes in pressure gradient, whether
from geometry or incident shock waves, cause significant deviation from these theories. This
thesis sets out to explore this modification.
The chosen, computational investigation used the change between zero and adverse linear
constant pressure gradient flows with the computational geometry consisting of a flat plate
section and a compression curve. The computations covered a range of adverse pressure
gradients (β   dp~dxδ0~τw0), Reynolds numbers (Rex0   87500 to 90000000) and Mach
numbers (4 to 8). The effect of pressure gradient, Reynolds number and Mach number on
the equilibrium or non-equilibrium change between pressure gradients was investigated.
It was observed that flows of this type can be divided into three sections: a fully de-
veloped zero pressure gradient flow, a fully developed adverse pressure gradient flow and an
interaction region between the two.
The stronger the pressure gradient, the more non-equilibrium the response of the bound-
ary layer to the change in pressure became. Inertial forces came to dominate in the interaction
region and viscous effects only reasserted themselves further downstream. This was illustrated
by the significant transverse variations in pressure occurring in this interaction region.
The investigation is extended to turbulent boundary layers modelled using the Baldwin-
Lomax turbulence model.
3
4Dedicated to Aaron Dolle...
Who encouraged me to do a PhD in the first place...
For the alternate love and bullying that got me to this point...
For eternally asking “so what?”...
And for proof reading my thesis. Twice.
Acknowledgements
I would like to thank Professor Richard Hillier for both his time and expertise, without
either of which this thesis would never have been completed.
The support of the Aeronautics Department staff has been invaluable, I would like to
especially thank Letty Foulkes, Molly Ip, Sabine Grune von Steiglitz, Rebecca Snowball
and Dawn Araim.
I would like to thank the people who have shared my office over the last few years
(Allan, Mike, Khadijeh, Ed, Spyrios, Jov, Jeremy, Carla) and various other members
of the Aeronautics postgrad community for keeping me entertained and listening to me
rant.
I would like to thank Jack Gafford for taking the time to proof read this and discuss
his comments.
Above all, thanks to my family for their support and encouragement of me and my
education over the years.
I gratefully acknowledge the Aeronautics Department for funding this research.
5
Nomenclature
β Non-dimensional pressure gradient parameter, dp~dxδ0~τw0
C Chapmann-Rubesin parameter, µw~µeTe~Tw
Cf Non-dimensional coefficient of skin friction
CH Non-dimensional coefficient of heat transfer
cp Constant pressure specific heat, γR~γ  1 (J~kgK)
δ Boundary-layer thickness (m)
δ0 Boundary-layer thickness at end of flat plate section (m)
γ Ratio of specific heats, cp~cv
k Thermal conductivity (Wm1K1
k and B von Karm an constants, typically 0.41 and 5.0 respectively
χ Viscous interaction parameter,  M3
ª
~Re1~2C1~2
λ Bulk viscosity (Ns~m2)
M Mach number
µ Dynamic viscosity (Ns~m2)
ν Kinematic viscosity, µ~ρ (m2~s)
νt Eddy viscosity (m2~s)
P Static pressure (Pa)
P0 Total pressure (Pa)
Pr Prandtl number, cpµ~k
Π Coles wake parameter taken as 0.55 for a flat plate
q˙ Heat transfer Wcm2)
r Recovery factor
R Specific gas constant (J~kgK)
R Wall curvature parameter, p
ª
~dp~dx (m)
Rex0 Intersection Reynolds number, ρªUªx0~µª
ρ Density (kg~m3)
T Static temperature (K)
T0 Total temperature (K)
Taw Adiabatic wall temperature, Taw~T   1  rγ  1~2M2
ª
 (K)
θ Momentum thickness (m)
τw0 Shear stress at end of flat plate section (N~m2)
τkk Shear stress tensor (N~m2)
U Streamwise velocity (m/s)
U Reynolds-averaged streamwise velocity (m/s)
Utot Streamwise velocity parallel to the local wall direction.
On a ZPG flat plate Utot virtually idential to U (m/s)
U Viscous wall parameter for velocity, U~uτ
uτ Friction velocity,
»
τ~ρ
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7x Cartesian streamwise distance (m)
x0 Length of flat plate section (m)
x Cartesian distance along the compression curve, x  x0 (m)
xl Length of the transition region (m)
xtr Transition onset point (m)
y Viscous wall parameter for wall-normal distance, yuτ~ν
yN Wall-normal distance (m)
Subscripts
e Boundary layer edge
w Wall
ª Freestream condition
Abbreviations
CFD Computational Fluid Dynamics
PG Pressure gradient
PR Pressure ratio
ZPG Zero Pressure Gradient
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Chapter 1
Introduction
The future of Man lies in space. This might be as part of the maintenance and evolution
of global communication networks, or in a push for interplanetary exploration. At either
extreme, space will be a key factor in future human endeavour. For this statement to
become a practical and affordable reality, we will require cheaper, safer and more
reliable access to orbit and beyond: in short, fully reusable launch vehicles. Key to
this, certainly in the forseeable future, are air-breathing hypersonic engines.
(a) Hypersonic air-breathing transport vehi-
cle, X-43
(b) Schlieren image of scramjet intake
Figure 1.1: Examples of proposed hypersonic air-breathing technologies
At the speeds necessary to achieve orbit, supersonic combustion is necessary. Indeed
for flight beyond Mach 5, the massive increase in temperature created by slowing
airflow to subsonic speeds within an engine causes problems with flow dissociation
and structural integrity that make subsonic combustion impractical. Similarly, the
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decelerated air is already so hot that further energy cannot be added by combustion,
because of structural and thermal limits. A scramjet, or supersonic combustion ramjet,
uses a ram effect to compress air without the need for moving parts and mechanical
compression. As the name suggests it carries out combustion on supersonic flow.
Scramjet propulsion has been under research since the mid 1960s.9 To date no
piloted scramjet flight has taken place (the longest unmanned scramjet-propelled flights
thus far have been the NASA X-43 that reached Mach 9.8 for 12 seconds in 2004 and the
Boeing X-51 that sustained Mach 5 scramjet flight for 200 seconds in 2010), however
this is still a subject of considerable interest. Although rocket propulsion for hypersonic
travel is technically simpler since all the combustion reactants are carried on board,
the development of scramjet propulsion has serious advantages with greater efficiency
and a lower vehicle take-off weight.
P2/P1
P 0
/P
0∞
20 40 600
0.2
0.4
0.6
0.8
1
95% η
90% η
M2: Detached shock
M4: Detached shock
M8: Detached
shock
Figure 1.2: Variation in total pressure loss versus static pressure gain through a single
oblique shock. Cut-off lines indicate transition to dettached bow shock
As is typical with engines, air must be compressed before entering the scramjet
combustion chamber. The simplest method of compressing a supersonic flow is to
deflect the flow and create a shockwave. The disadvantage to this is that while the
static pressure post-shock is elevated, conversely the total pressure in reduced. This
reduction in total pressure represents an inefficiency of the system. Figure 1.2 shows the
loss in P0 suffered through an oblique shock wave for a given static pressure compression
ratio (pintial~pfinal).
A typical low speed aero-engine may be considered to have an intake efficiency of
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99% (here efficiency is defined as p0~p0ª). Considering a desirable efficiency for the
shock system of above 95%, otherwise the engine rapidly becomes ineffective, then the
maximum achievable compression ratio for a single shock intake  2.2. Even at a limit
of 90% efficiency, the compression ratio is still only  2.8. In fact, in order to achieve
a compression ratio of 10 through a single shock, the flow will lose nearly 70% of its
free stream total pressure. This, is unacceptable and a single shock is an impractical
compression method. Using a combination of two weaker oblique shocks as shown
in figure 1.3 on the other hand will reduce the total pressure loss. Taking this idea
to the extreme with an infinite number of infinitesimal deflections and shocks leads
to an isentropic compression where no loss in total pressure is incurred. The loss in
total pressure represents not only a loss in efficiency, but an added component of drag.
Isentropic compression is therefore the preferred option for compression in a scramjet
intake and the method under investigation here.
Figure 1.3: System of two shocks over two separate deflections where δ is the surface
deflection angle and β is the resulting shock angle
One of the key design factors in all aerospace vehicles is the minimisation of the
vehicle weight. Hypersonic travel involves very high levels of heat transfer leading to a
crucial trade-off between the degree of heat resistant material that the vehicle requires
and the minimum possible achievable weight.
Compression of a supersonic flow can lead to dramatic increases in skin friction
and heat transfer. If a flow is compressed too rapidly, boundary layer separation
is inevitable, leading to a reduction in combustion efficiency. Although higher wall
velocity gradients mean that turbulent boundary layers can withstand far greater rates
of compression than laminar ones, they are also subject to far higher rates of heat
transfer and skin friction.
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Inevitably there is a limit to how rapidly a flow can be compressed without sepa-
rating. Since the length of a scramjet intake is often fixed by other design constraints,
then in order to achieve a desired compression ratio a certain rate of compression is
required. This investigation sets out to extend the body of knowledge surrounding
high Mach number compression flows. In particular, the effect of changes in surface
geometry on the boundary layer and the tolerance to these changes with different flow
conditions. This thesis aims to provide engineers with benchmarks for separation limits
and wall values for a range of laminar and turbulent flows.
The principal contribution this thesis makes to the field of high Mach number
aerodynamics, however, is in the theory created around the non-equilibrium response
of laminar boundary layers to changes in pressure gradient.
There are two main aspects: the effect on transverse flow properties and the effect
on wall properties. In both cases the departure from more traditional flows is driven
by the relatively gradual influence of viscosity in comparison to the other mechanisms
at work.
The rate of transmission of information through a supersonic flow by acoustic pro-
cesses is substantially much greater leading to induced transverse pressure gradients
through the boundary layer. Similarly, inertial forces react to a change in surface ge-
ometry far more promptly than the viscous forces within the boundary layer leading
to a measurable change in wall properties up to and including separation.
This thesis provides greater understanding of the effect of these imbalances on the
boundary layer both in the region local to the change in pressure gradient and in the
longer-term downstream flow. It also has the potential to provide a jumping off point
for further research into optimising scramjet intakes to reduce the increase in skin
friction and heat transfer spurred by compression. t
This thesis begins with a review of current literature on the subject and an outline
of the investigation setup and methodology.
Chapter 2
Literature Review
2.1 Laminar boundary layer theory
Although high Mach number flows are usually subject to very high Reynolds numbers,
transition is often delayed to far higher critical Reynolds numbers than the typical
Rextr  500000 for low speed flows. Laminar flow is therefore highly relevant over
many vehicle surfaces at hypersonic speeds.
The equations used to describe boundary layer flow were first proposed by Prandtl78
in 1904. They are derived from the Navier-Stokes equations through analysis of the
order of magnitude of each term under certain assumptions. One fundamental as-
sumption is that the boundary layer is thin when compared to the flow’s streamwise
distance. This means that the order of magnitude of streamwise length scales are much
more significant than normal ones. In this way, some of the terms of the Navier-Stokes
equations can be neglected producing the two-dimesional boundary layer equations
given in Anderson3 (eqn 2.1 – 2.4).
26
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Continuity:
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Various methods for solving the laminar boundary layer equations exist. Unsurpris-
ingly, these solutions have been significantly modified and extended since their initial,
incompressible, proposal. First and foremost, is the Blasius solution:10 an exact solu-
tion of the equations for a flat plate, zero pressure gradient flow. This demonstrates
self-similarity and provides information such as non-dimensional velocity profiles, inte-
gral parameters and skin friction coefficients. The Falkner-Skan34 equation is another
similarity solution incorporating a pressure gradient parameter allowing for slightly
more complex geometries (wedge, corner and sink flows, angle β).
Blasius  η   y
¾
U
νx
and u   Uf η (2.5)
Falkner-Skan  η   y
¾
1
2  β
U
νx
and ux   U 
x
L

m
(2.6)
where  β  
2m
m  1
(2.7)
Alternative approximate solutions have been developed such as the Pohlhausen77
and Thwaites95 methods. These predict characteristics such as the displacement and
momentum thicknesses or skin friction and make approximations for the velocity profile.
Such methods are usually based on the incompressible Momentum Integral Equation
(shown in equation 2.8) and rely on approximate curve fitting to generate velocity
profiles. As with the Falkner-Skan equation, these can also include a pressure gradient
parameter. These approximate methods tend to predict separation inaccurately since
the assumption is made that the boundary layer in question has time to adjust to the
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pressure distribution;59 that is, they are ‘equilibrium’ methods.
MIE: 
τ0
ρ
 
∂u2oθ
∂x

δ
2
∂u20
∂x
(2.8)
(a) Velocity profiles (b) Temperature profiles
Figure 2.1: Velocity and temperature profiles over a laminar compressible cold flat
plate. From Anderson4 after Van Driest96
The above solutions were originally derived for incompressible flow and do not take
account of temperature variation and the energy equation. Various transformations
exist which relate compressible boundary layers to equivalent incompressible flows,
such as those by Illingworth101 and Howarth.87
Much of the compressible viscous flow work refers to the exact solutions created
by Van Driest96 using the Blasius solution extended with Crocco’s method27 which
gives enthalpy as a function of the local velocity only. This produced velocity and
temperature profiles for compressible flat plate boundary layers. Figure 2.1 shows
velocity and temperature profiles calculated from the methods of Van Driest. Solutions
were provided for Mach numbers flows from 2 to 20 and for both adiabatic walls and
a range of isothermal wall temperatures. These demonstrate that the represented flow
properties are heavily dependent upon Mach number. What is not evident from the
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figure but is none the less true is their additional dependence upon Reynolds number,
Prandtl number and temperature ratio. Indeed the compressible Blasius solution gives
the following relations:3
δ  
5.0x
º
Rex
F Me, P r,
Tw
Te
 (2.9)
Cf  
1.328
º
Rex
GMe, P r,
Tw
Te
 (2.10)
Theories that take into account more arbitrary free stream conditions, such as
pressure gradient flows, are necessarily more complex. Extensions to compressible sim-
ilarity solutions, and integral momentum and energy relations were the most logical ap-
proaches. Work by Chapman and Rubesin,20 Low,66 Levy,61, 62 Cohen and Reshotko22
and Li and Nagamatsu63 attempted solutions but always with restrictions as to degree
of pressure gradient, Mach number or heat transfer or were only applicable for certain
free stream velocity distributions.
Cohen and Reshotko23 produced solutions for Falkner-Skan type similarity com-
pressible flows with a complete range of velocity and temperature distributions (see
figure 2.2(a)). The authors define the following pressure gradient and stagnation en-
thalpy parameters:
βFSx  
2ξ
Ue
dUe
dξ
(2.11)
ξ  
S
x
0
ρeUeµedx (2.12)
S  
h
h0
(2.13)
Taken from their report, figure 2.2 shows the variation in shear stress function and
Reynolds Analogy factor with β and Sw. Both Cf and CH are heavily affected by these
parameters as is the pressure gradient required for separation. The authors suggest
that increasing wall temperature causes the mean density within the boundary layer
to drop thus making it more susceptible to acceleration forces in the free stream.
The Reynolds Analogy is an approximate relationship between shear stress and heat
transfer rate which is often used to derive one parameter from a set of experimental
readings for the other. This is particularly common in studies of turbulent hypersonic
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(a) Velocity profiles (b) Heat transfer rate
(c) Skin friction (d) Reynolds Analogy Factor
Figure 2.2: Results calculated by Cohen and Reshotko22 for laminar compressible
Falkner-Skan type similar flows. Showing the effect of pressure gradient and temper-
ature ratio
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boundary layers where experimentally determining heat transfer rate is much more
straight forward than shear stress. First proposed by the eponymous Reynolds (1874)
for stagnation flows, the relation has been shown to hold for compressible flat plate
zero pressure gradient flows in the form:
Cf
CH
  2Pr2~3 (2.14)
The fact that the variation in the Reynolds Analogy Factor in figure 2.2(d) so closely
mirrors that of the shear stress indicates that the variation in magnitude of shear stress
with pressure gradient is far more significant than that of heat transfer rate. Indeed as
figure 2.2(b) shows, the heat transfer rate only varies with pressure gradient with any
real significance near the point of separation.
2.2 Boundary layer separation
Korkegi57 comprehensively reviews the viscous interactions that are most problematic
at high Mach number flight. Prominent amongst these is the issue of boundary layer
separation. The presence of separation generally shows the greatest flow field departure
from the design configuration and it is therefore important to understand the likelihood
and factors in its occurrence. Moreover, flow reattachment and the region immediately
downstream of reattachment often produces large surface heat transfer.47
Flow separation generally occurs as the boundary layer is unable to penetrate re-
gions of adverse pressure gradient. Adverse pressure gradients of sufficient strength to
separate supersonic boundary layers are most frequently caused by shock waves. In
a scramjet intake, shockwaves may either be reflected onto the boundary layer from
above, or grow from the wall with a change in surface slope. Even isentropic pressure
gradients must not be too strong in order to avoid separation.
Flow separation has the effect of changing the pressure distribution over a body
significantly from that in a frictionless stream6 and Needham72 suggested that regions
of separated flow may be used deliberately to reduce intense local heating rates.
Separation of laminar flows is heavily affected by not only the Mach number and
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Reynolds number noted above, but also the heat and mass transfer to and from the
boundary layer: abiabatic or moderately cooled walls require only weak compression
angles to cause separation. Experimental work by Kontis56 found separated flow on
an axisymmetrical cylinder with flare angles of 10X and 20X for laminar and turbulent
flow respectively for a free stream Mach number of 8.2. Equations 2.15, 2.18 and 2.19
however show that incipient separation angle is highly sensitive to Reynolds number
and Mach number.
Turbulent boundary layers, on the other hand, are far more resistant to separation.
Unlike their laminar counterparts, Reynolds number and heat transfer have little effect
on the phenomenon.57 The Mach number however still plays a significant role.
The region of separated flow has been shown to be a “free interaction” which is to
say that it is independent of the disturbance that caused it although this will dictate the
location of the separation region.17 Instead, properties are subject to the interaction
between the shear layer and the external flow.
2.3 Pressure gradient effects and streamwise cur-
vature
Figure 2.3 shows the variation in surface pressure, skin friciton and heat transfer over
a flat plate with a 15X trailing edge flap.49 Viscous forces cause the wall pressure dis-
tribution to smooth into a continuous variation from zero pressure gradient to adverse
pressure gradient. The pressure variation causes an initial drop in both Cf and CH in
this corner region but a significant and monotonic increase downstream of this point.
The decrease in skin friction coefficient is far deeper and more extensive than for the
heat transfer indicating a greater sensitivity to changes in pressure gradient. More-
over, Hung and MacCormack49 note that there is significant variation in pressure both
through the boundary layer thickness and along Mach lines. They conclude that this
normal pressure gradient is generated by curvature of the streamlines either due to the
streamwise pressure gradient or the surface geometry.
Thomann94 carried out experimental work at Mach 2.5 for a turbulent boundary
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(a) Surface pressure (b) Cf and CH
Figure 2.3: Variation in surface pressure and consequent skin friction and heat transfer
rate change for a laminar flow at M
ª
  14.1 and Rex   1.04  10
5. Flat plate and 15X
flap49
layer subjected to streamwise curvature but no streamwise pressure gradient, created
by radiating an expansion wave onto the curved surface. This arrangement leads to a
20% increase in heat transfer rate at the surface which the author concludes is due to
an increase in turbulent mixing induced by the curvature. Whilst other authors75 have
found skin friction to initially drop in the immediate vicinity of an adverse pressure
gradient followed by a later recovery (as above), the combination of adverse pressure
gradient and streamwise wall curvature in compressible turbulent flows is still not well
understood.13
2.4 Viscous interaction region
At high Mach numbers, the initial growth of the boundary layer at the start of the
surface is extremely rapid. The presence of the boundary layer causes the inviscid free
stream to displace outwards, thereby modifying this outer flow in a viscous interaction.
The laminar viscous interaction parameter is defined as:
χ  
M3
ª
Re1~2
C1~2 (2.15)
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where C is the Chapmann-Rubesin parameter, µw~µeTe~Tw. Close to the leading
edge of a sharp plate, where the boundary layer dispacement thickness is changing
rapidly with streamwise distance, there is a strong viscous interaction whilst further
down the plate where dδ~dx is only moderate, the viscous interaction is weak. An-
derson2 shows that pe~pª is dependant only on χ. As such, this interaction parameter
can be used to give the surface pressure distribution over a cold plate (Tw P Taw) as
follows:
strong:
p
p
ª
  1  0.15χ (2.16)
weak:
p
p
ª
  1  0.078χ (2.17)
A correlation between the viscous interaction parameter χ and the 2D wedge angle
for incipient separation (βincip) has been suggested by Needham and Stollery73 after
experimental studies:
M
ª
βincip   80χ
1~2
ªL (2.18)
where L is the length from the sharp leading edge of a flat plate to the flap. By analogy
to this, Stollery and Bates91 proposed a similar equation for the equivalent turbulent
case:
M2
ª
β2incip  
Mª9C
ReL

2~7
(2.19)
2.5 Turbulent boundary layer theory
2.5.1 Turbulence modelling
The turbulent boundary layer is characterised by rapid and random fluctuations in flow
properties caused by its random eddy structure. The eddies vary in size from the order
of the boundary layer thickness towards the boundary layer edge to the Kolmogorov
length scale near the wall. The random eddy nature of the turbulent boundary layer
makes analysis much more difficult than for laminar flows. Considering the turbulent
boundary layer as a mean flow plus fluctuating components,82 Reynolds averaging the
Navier-Stokes equations leads to additional terms in the boundary layer equations
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representing turbulent viscosity and heat transfer which provide additional unknown
terms.
The purpose of numerical turbulence modelling is therefore to provide relations
for these Reynolds stresses in order to “close” the problem and allow the turbulent
boundary layer equations to be solved. Turbulence modelling is based on the idea
of turbulent or eddy viscosity, the concept introduced in the Boussinesq hypothesis12
which draws an analogy between viscosity caused by molecular movement and the
movement of eddies in the turbulent boundary layer.
2.5.2 Structure of the turbulent boundary layer
The turbulent boundary layer shows distinct layers through its thickness: (viscous
sublayer, buffer layer, turbulent constant shear stress (TCSS)layer and the outer layer)
as can be seen in figure 2.4. Within these the proportion of viscous and turbulent
components of shear stress varies from virtually fully viscous closest to the wall to fully
turbulent in the TCSS layer and beyond.
Figure 2.4: Non-dimensional turbulent boundary layer mean velocity profile on semi-
logarithmic axes, showing the wall nomenclature
The outer region is characterised by an intermittent mixture of boundary layer and
free stream flow as the instantaneous boundary layer edge varies between 0.4 and 1.2
δ which leads to a wake-like behaviour in the outer boundary layer flow.
Unlike laminar boundary layers, it is necessary to describe the turbulent boundary
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layer with more than one set of scaling parameters. In this case, the appropriate
parameters for the inner and outer regions are meaningless in the alternate region. For
example, inner region wall units based on viscosity (U, y) have no meaning in the
outer layer where viscosity effects are limited. A similar solution through the choice of
appropriate dimensionless coordinates for all regions is therefore unobtainable.19
u
uτ
  f 
yuτ
ν
 (2.20)
ue  u
uτ
  F 
yuτ
ν
  g Π,
y
δ
 (2.21)
u
uτ
  f 
yuτ
ν
  g Π,
y
δ
 (2.22)
Each layer shows a different relationship between velocity and normal distance as can
be seen in equations 2.20 to 2.22. The inner and outer regions of the boundary layer
can be described through the law of the wall (2.20) and the velocity defect law (2.21)
respectively. In the viscous sublayer, the law of the wall describes a linear relationship
between velocity and distance from the wall and in the turbulent constant shear stress
region, we find the well known logarithmic law
y  
1
k
lnUB (2.23)
where k and B are the von Ka´rma´n constants. Coles25 combined the log-law with an
additional wake term 2.22 in order to describe the entire boundary layer if the viscous
sublayer and the buffer layer are excluded.
The buffer layer between the viscous sublayer and the TCSS layer shows a transition
from the characteristics of one to the other. Spalding’s law of the wall provides a good
fit for all of the wall region from the wall to the edge of the inner layer.101
Although the log law is one of the most accepted theories of turbulence and has
shown a good fit for experiments with a range of flow conditions, its reliability is still
being questioned. Since they are empirical constants, the value of the von Ka´rma´n
constants is part of the ongoing debate with favoured values being k   0.4, B   5.5 and
k   0.41, B   5.0.104 Moreover, Bradshaw and Huang15 claim that although the log
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law has been verified many times experimentally, it may not be as reliable as it seems.
They observe that the law of the wall for temperature, which is derived through very
similar methods, has proved much less robust which suggests that the law of the wall
for velocity should be equally weak.
2.5.3 Hypersonic turbulence research
Experimental work to measure skin friction and velocity and temperature profiles in su-
personic and hypersonic turbulent boundary layer flows has been carried out for a rela-
tively simple geometries: flat plates/cylinders,36, 38, 43–46, 52, 67, 74, 89 wedge/cone flows24, 32
and with impinging shockwaves.39, 71
Skin friction correlations for turbulent compressible flat plate flows have been pro-
duced by Spalding and Chi,90 and Winter and Gaudet103 but the most popular and
extensively used correlation is the Van Driest II theory.97 This approach transforms flat
plate compressible data (Cf and Reθ) to equivalent incompressible values. Hopkins42
tabulates these values for a range of Mach numbers and temperature ratios. Huang et
al.48 detail a method to produce mean velocity and temperature profiles with a similar
transformation method as the Van Driest method but which includes the near-wall
viscous sublayer and a wake function.
Roy and Blottner83 provide a comprehensive review of the current state of turbu-
lence work in 2D and axisymmetric hypersonic flows. They observe that the significant
level of experimental investigation into flat plate (or cylinder) flows and sharp cone
flows indicate a 5% degree of accuracy for current flat plate skin friction correlations.
They are dubious as to the accuracy of theoretical heat transfer correlations since
these rely on the Reynolds Analogy Factor which has an empirically derived range
of 0.9 @ RAF @ 1.3. In their review, the authors discuss eighteen different turbulence
models: three are one-equation and fifteen are two-equation models. They note that by
and large the codes predict surface pressure and skin friction to a reasonable level but
tend to significantly overestimate heat transfer rates. They conclude that since only
six of these have been extensively tested against various experimental geometries there
is a need for far more experimental work to be carried out to aid in future validation.
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Moreover, since there is such limited availability of experimental results, correlations
are understandably highly empirical leading to a degree of variation between theory
and any experimental or computational results.
Direct Numerical Simulation (DNS) is a method by which the Navier-Stokes equa-
tions are solved numerically by resolving all temporal and spatial scales with no tur-
bulence model. DNS provides accurate results for turbulent flows and as such are
enormously useful for analysing turbulent boundary layers. The problem with DNS is
that it scales badly in terms of performance: the number of flops or floating point oper-
ations per second are roughly proportional to the cube of the Reynolds number. Since
high Reynolds numbers are often associated with high Mach number flows hypersonic
DNS is very challenging although many studies use relatively low Reynodls numbers
that might be associated with low density cases such as high atmosphere flight. The
necessity to use explicit rather than implicit methods menas that the timestep size
necessary to maintain the CFL condition is very small. Furthermore, all of the tur-
bulence scales must be resolved in the mesh. None-the-less, various studies have been
made by Adams,1 Guarini,37 Martin and Candler,68 Duan, Beekman and Martin,31 and
Redford, Sandham and Roberts79 amongst others.
Chapter 3
Numerical Methods
Computational Fluid Dynamics or CFD is widely used in design and analysis for many
industries (including aerospace, automotive, power generation and electronics) and will
no doubt become only more prevalent as computers grow more powerful. Its use is well
documented in the aerospace sector and it holds considerable advantages in the study
of hypersonic flow. The expense and difficulty of obtaining a real experimental steady
flow at such high velocity means run times are usually very short (milliseconds for
the Imperial College gun tunnel), necessitating high precision data acquisition, and
makes repeated testing, as with a low speed wind tunnel, impractical. CFD allows a
knowledge of expected results to help with accurate model design and choose which
cases need confirmation experimentally.
The Imperial College Hypersonics Group use an in-house compressible code which
uses an operator splitting technique. The inviscid Euler equations (convective terms)
are solved by a second order upwind Godunov type Reimann solver whilst the viscous
or diffusive terms are undertaken by implicit time integration for either the thin shear-
layer approximation or the full Navier-Stokes equations. The combined solver is second
order in both time and space.
39
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3.1 Governing equations
The general, conservative form of the Navier-Stokes equations for a two dimensional,
planar, compressible flow comprises the laws of conservation of mass, momentum and
energy and are given as:
∂Q
∂t

∂F
∂x

∂G
∂y
  0 (3.1)
where Q is the vector containing the conserved variables and F and G are functions
of this conserved vector in the x and y directions respectively. The vectors F and G
are flux vectors containing both convective and diffusive terms (or inviscid, subscript i
and viscous subscript v). Equation 3.1 can therefore be broken down as follows:
∂Q
∂t

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 
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∂x

∂Gv
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(3.2)
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where ρ is the density, p is the static pressure and E is the total energy per unit volume.
The velocities u and v are the components in the x and y directions respectively and
q12 are the heat fluxes due to conduction in the same directions. τij are the viscous
stresses.
For laminar flow, the stresses and heat fluxes in the viscous terms are:
τxx   λ  2µ
∂u
∂x
 λ
∂v
∂y
; τyy   λ  2µ
∂v
∂y
 λ
∂u
∂x
; τxy   µ
∂u
∂y

∂v
∂x
 ;
qxx   k
∂T
∂x
; qyy   k
∂T
∂y
(3.6)
The Prandtl number given by equation 3.7 can be used to obtain the thermal conduc-
tivity, k.
Pr  
cpµ
k
(3.7)
The bulk viscosity, λ, is a second coefficient of viscosity that is related to µ, the dynamic
viscosity, through equation 3.8 below:
3λ  2µ   0 (3.8)
The equation of state for a perfect gas is used to close this system of equations. Nitrogen
is the gas used in the Imperial College test facilities and as such is used for the present
studies. Treating Nitrogen as an ideal gas, with cp and cv constant, we can write:
p   ρRT (3.9)
e   ρcvT  
p
γ  1
(3.10)
where e is the specific internal energy.
Keyes law53 is used to calculate the dynamic viscosity, µ, as a function of temper-
ature:
µ  
106
º
T
1 AT 1 10A1~T 
(3.11)
where A0   1.418 106, A   116.4, A1   5 for Nitrogen. This viscosity model had been
chosen in the place of the more usual Sutherland model92 since it has been shown by
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Hilsenrath et al.? to be marginally more accurate at higher temperatures.
3.1.1 Operator splitting
As shown above, the equations may be split into viscous and inviscid components.
Using a process known as convection-diffusion operator splitting, these two sections of
the code can be calculated separately. The inviscid, convective component is solved
explicitly whilst the viscous, diffusive component can be solved either implicitly through
the thin shear layer solution or explicitly using the full Navier-Stokes equations and a
Runge-Kutta method.
The solution of the Navier-Stokes equations is updated from time level n to time
level n+1 as shown in equation 3.12. Lv∆t is the operator for advancing the diffusive
terms whilst Li∆t is the operator for advancing the convective terms. The equation
shows that first the convective operator is advanced by half a time step then the diffusive
operator by a full time step and finally the second half time step for the convective
operator.
Qn1   Lv 
∆t
2
Li∆tLv 
∆t
2
Qn (3.12)
The two operators need to be applied in the correct order to maintain temporal
and spatial second order accuracy
3.2 Turbulence modelling
In his thesis on three-dimensional separation of a hypersonic boundary layer, Simon
Williams102 analysed three turbulence models included in the Imperial Hyperson-
ics code: the Baldwin-Lomax algebraic model, Menter one-equation model and the
Launder-Sharma κ   two-equation model. In a real life flow, turbulence is convected
with the flow field leading to a ‘history’ effect. The Baldwin-Lomax5 model however is
an algebraic model that calculates eddy-viscosity based purely on the local flow field.
As such, it has no history effect and is inherently limited in that it cannot be expected
to perform well in non-equilibrium flows. Nonetheless it is a popular choice for simple
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flows by being simple to implement and relatively computationally inexpensive. The
Menter69 and Launder-Sharma60 models contain one and two equations for the trans-
port of turbulence kinetic energy respectively. As such they incorporate flow history
effects. In the thesis by Williams, CFD results for all three models were compared to
experimental results from the Imperial College gun tunnel based on a hollow cylinder
and on a hollow cylinder with a 36X flare to separate the approach boundary layer. This
was a carefully controlled experiment intended to produce benchmark data and as such
represents a good assessment of CFD. Examples of Williams’ results are inculded in
figures 3.1 to 3.4.
Figure 3.1: Comparison between experimental and computational results for heat trans-
fer to a hollow cylinder at Mach 9102 and three turbulence models
Figure 3.1 shows heat transfer results for a zero pressure gradient hollow cylinder
with axis al. All three turbulence models provide a good approximation of the heat
transfer in the laminar region (where turbulence models are not switched on) and fully
turbulent region. The Baldwin-Lomax model provides the best estimate of conditions
through transition. Figures 3.2, 3.3 and 3.4 show wall pressure and heat transfer
results for the Baldwin-Lomax, Menter and Launder-Sharma models respectively for
the flare/separation case. Despite the lack of history effect, the Baldwin-Lomax model
performs remarkably well in predicting wall pressure through the separation region and
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does an adequate job at predicting heat transfer at reattachment on the flare.
The Menter model, although accurate downstream of the separation bubble, fails to
predict the pressure peak at reattachment. Moreover, it significantly delays the onset of
separation. Figure 3.5 shows that the Menter model produces a fuller velocity profile
low in the boundary layer in comparison to both the Baldwin-Lomax and Launder-
Sharma models. As such, the Menter model is more resistant to separation. The
Launder-Sharma model in figure 3.4 produces less accurate results than the Baldwin-
Lomax model, for wall pressure but grossly overpredicts heat transfer at reattachment.
Based on these conclusions, the turbulence part of this study uses the Baldwin-Lomax
zero-equation model. Whilst the Baldwin-Lomax model is simple in terms of turbulence
models, it is robust and reliable when away from separation. Furthermore, Lillard
et al.65 argue that generally one and two-equation models are inaccurate in their
prediction of separation conditions since they are designed for and tuned to equilibrium
flows. Moreover, the solving methods do not account for the physical time lag between
changes in the strain rate due to pressure gradient changes and updating the Reynolds
stress tensor.
3.2.1 Baldwin-Lomax model
The Baldwin-Lomax model is an algebraic, zero equation model that gives the eddy
viscosity, µt, as a function of the local velocity profile. It is a two layer model where
the crossover point is given as the location where µtinner=µtouter.
µtinner   l
2
SωS (3.13)
l   ky 1  e
y
A
 (3.14)
y  
ρwuτy
µw
(3.15)
Within the inner region, the eddy-viscosity is definded by the Van Driest mixing
length formulation (equation 3.13) where ω is the local vorticity, l is the Prandtl-Van
Driest length scale parameter (equation 3.14) and A and k are constants.
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(a) Wall pressure
(b) Heat transfer
Figure 3.2: Comparison between experimental and computational results from the
Baldwin-Lomax algebraic model. Hollow cylinder with a 36X flare at Mach 9102
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(a) Wall pressure
(b) Heat transfer
Figure 3.3: Comparison between experimental and computational results from the
Menter one-equation model. Hollow cylinder with a 36X flare at Mach 9102
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(a) Wall pressure
(b) Heat transfer
Figure 3.4: Comparison between experimental and computational results from the
Launder-Sharma κ two-equation model. Hollow cylinder with a 36X flare at Mach 9102
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Figure 3.5: Velocity profiles produced by the three turbulence models discussed
In the outer region eddy viscosity is a function of density, a wake function and an
[Klebanoff] intermittency function
µtouter   ρKCCPFWAKEFKLEB (3.16)
where K and CCP are both constants, Udiff is the difference between the maximum
and minimum magnitude of velocity within the profile and Fmax and ymax are both
derived from 3.18. The closure constants listed are those from the original paper by
Baldwin and Lomax5 and are given in table 3.1.
FWAKE   minymaxFmax,
CWKymaxU
2
diff
Fmax
 (3.17)
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A CCP CKLEB CWK k K
26 1.6 0.3 0.25 0.4 0.0168
Table 3.1: Baldwin-Lomax closure constants
3.3 Study numerical set-up
3.3.1 Geometry definition
Figure 3.6: Example run geometry: high adverse pressure gradient, rapid compression
case. x is the Cartesian streamwise distance, x0 is the location of the start of the
compression curve, x is the Cartesian streamwise distance along the compression curve,
δ0 is the height of the boundary layer at the start of the compression curve, R
 is an
equivalent radius of curvature
The study investigates the effect of changes in pressure gradient on high Mach num-
ber boundary layers. As can be seen from figure 3.6, the geometry comprises an intial
flat plate section with a zero pressure gradient and then a compression curve. Based on
inviscid isentropic Prantl-Meyer turning theory, the curves generate a constant linear
adverse pressure gradient. While this is unlikely in a real-life flow, the purposes of this
investigation is to create benchmark families of compression curve data. The initial
flat plate section is identical in all cases. It should be noted that viscous effects mean
that the ratio of final to initial pressures is not as high as intended with the inviscid
theory but is none-the-less, very close. The theoretical overall pressure ratio (in figure
3.6, pf~pi) is the same in each of the cases (4:1) however the stronger the pressure
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gradient, the greater the deviation from the inviscid case.
Figure 3.7: Compression curvature
The initial flat plate section allows for the study of the effect of a change in pressure
gradient on an existing boundary layer rather than the growth of a boundary layer in
a pressure gradient flow. ZPG, flat plate flows were also studied for comparison. Cases
with a weak, medium, strong and separating pressure gradient were used. In order to
generate the adverse pressure gradients as constant and linear, the radius of curvature
of the compression surface is continually changing. An example of the generation of a
curve is shown in the Appendix. As shown in figure 3.7, this means that R3 A R2 A R1.
An equivalent radius of curvature R is used in the analysis and is defined in equation
3.20.
R  
p
ª
dp~dx
(3.20)
The equivalent radius of curvature of the compression surface is an indication of
the rapidity of the compression; the smaller R, the faster the compression. A more
rapid compression indicates a stronger adverse pressure gradient. The non-dimensional
pressure gradient parameter chosen for this study is shown in equation 3.21. The
boundary layer thickness and the wall shear stress at the end of the flat plate section
are used to normalise the pressure gradient since these variables depend on the Reynolds
and Mach numbers and therefore the free stream flow conditions. The severity of non-
equilibrium effects for a given value of β shows the influence of the pressure gradient
on the incoming boundary layer.
β  
dp
dx
δ0
τw0
(3.21)
Tables 3.2, 3.3 and 3.4 shows the flow parameters for all of the cases investigated
including the value of β and δ0~R in each case. As can be seen, these both vary
dependent on the flow conditions. Therefore, the pressure gradient for a given rapidity
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of compression will be given as x0~R since this will be the same for any given pressure
gradient regradless of wall temperature, Mach number, Reynolds number and between
laminar and turbulent boundary layers.
3.3.2 Mesh configuration
The mesh methodology used in this study creates structured meshes made up of quadri-
lateral cells. The code uses a finite-volume procedure that stores the flow variables at
the cell centre and calculates the fluxes at the cell interfaces. The mesh is divided into
blocks of cells depending upon the geometry of the of the model.
Figure 3.8(a) shows the block structure used for the meshes in this study. The mesh
is made up of three blocks in the i-direction. Block 1 lies ahead of the solid surface
to allow for the upstream influence of the plate leading edge. Block 2 covers the ZPG
flat plate whilst block 3 has a curved lower surface to define the compression curve.
Each block contains a set number of cells. Although the boundary layer is the region of
interest and is extremely thin, the blocks are significantly higher in order that the top
reaches the freestream to fully capture the leading edge shock wave caused by the rapid
initial growth of the boundary layer. This prevents possible errors due to interaction
between the shock and the upper block interfaces.
As can be seen from figure 3.8(b), the cells are stretched in both the i and j directions
so that the maximum number of cells are placed in regions of interest such as the
boundary layer and start of the compression curve. The outlines of a sample of the
meshes used in the cases outlined in tables Tables 3.2, 3.3 and 3.4 are shown in figure
3.8(c).
3.3.3 Boundary layer refinement
To ensure good resolution of the boundary layer, the mesh must place sufficient cells
through the boundary layer thickness for viscous simulations. A mesh refinement
method takes calculated flow properties from an initial simulation and generates a new
mesh based on these properties. The refinement method adjusts the mesh by setting
the first j-cell (wall normal cell) at the wall to a given value, for example y   1, for
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(a) Mesh block structure
(b) Mesh
(c) Mesh outlines
Figure 3.8: (a) shows the block structure of the meshes whilst (b) shows an example of
a mesh used. (c) shows the outlines of the different pressure gradient meshes: A - ZPG,
B - x0~R

  1, C - x0~R

  2, D - x0~R

  3, E - x0~R

  4 and F - x0~R

  5
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Figure 3.9: Boundary layer meshing. In (a) the mesh is unstretched whilst in (b) the
mesh near the wall has been stretched by setting y   1 in the surface cells along the
streamwise distance using a mesh reforming method.
the entire streamwise length of the plate where y is a non-dimensional viscous wall
parameter defined as yuτ~ν. The cells in the near-wall region are compressed to give
a higher resolution. Conversely, the cells towards the upper edge of the blocks are
stretched.
3.3.4 Boundary and initial conditions
3.3.4.1 Boundary conditions
No-slip and isothermal wall conditions are set at the plate surface such that uw   vw   0
and Tw   300K. The remaining boundary conditions are set to inflow and outflow as
appropriate.
3.3.4.2 Initial conditions
The flowfield is initiated with uniform free stream conditions which are summarised
in tables 3.2, 3.3 and 3.4. An adiabatic case was also investigated with the same
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free-stream conditions as the M
ª
=4, Rex0   3.5  105 case.
Pr M Tw~Tª Rex0 x0~R β δ0~R
0.72 4
1
8.75  104
0.0 0.0 0.0000
1.0 1.0 0.0116
2.0 2.0 0.0233
3.0 3.0 0.0349
4.0 4.0 0.0465
3.5  105
0.0 0.0 0.0000
1.0 1.0 0.0230
2.0 2.0 0.0461
3.0 3.1 0.0691
4.0 4.1 0.0921
1.4  106
0.0 0.0 0.0000
1.0 1.0 0.0059
2.0 2.1 0.0118
3.0 3.1 0.0177
4.0 4.2 0.0236
0.5 3.5  105
0.0 0.0 0.0000
1.0 0.9 0.0104
2.0 1.8 0.0210
3.0 2.8 0.0317
4.0 3.6 0.0409
5.0 4.7 0.0517
0.25 3.5  105
0.0 0.0 0.0000
1.0 0.8 0.0098
2.0 1.7 0.0196
3.0 2.5 0.0295
4.0 3.3 0.0393
Table 3.2: Computational parameters, Mach 4
3.4 Validation and mesh convergence
To ensure that observed flow phenomena are caused by the underlying physics of the
problem or the solver algorithm itself, the results must be shown to be independent of
the mesh used. Mesh convergence tests were used for each of the new geometries or
flow conditions. The following are a sample of the tests conducted.
As stated above, the mesh was stretched to provide sufficient detail in regions
of interest. The first and most vital region is the near wall boundary layer. Enough
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Pr M Tw~Tª Rex0 x0~R β δ0~R
0.72
6 1 3.5  105
0.0 0.0 0.0000
1.0 0.7 0.0168
2.0 1.3 0.0308
3.0 2.0 0.0460
4.0 2.5 0.0588
8 1 3.5  105
0.0 0.0 0.0000
1.0 0.4 0.0183
2.0 0.9 0.0365
3.0 1.3 0.0548
4.0 1.8 0.0730
Table 3.3: Computational parameters, Mach 6 & 8
Pr M Tw~Tª Rex0 Rextr x0~R β δ0~R
0.72 4 1
1.4  106 5.6  105 0.0 0.0 0.0000
5.6  106 2.24  106
0.0 0.0 0.0000
1.0 0.4 0.0098
2.0 0.8 0.0196
3.0 1.2 0.0294
4.0 1.6 0.0392
2.25  107 9  106
0.0 0.0 0.0000
1.0 0.4 0.0075
2.0 0.8 0.0151
3.0 1.2 0.0226
4.0 1.5 0.0301
9  107 3.6  107
0.0 0.0 0.0000
1.0 0.4 0.0059
2.0 0.7 0.0118
3.0 1.1 0.0177
4.0 1.5 0.0237
Table 3.4: Turbulent computational parameters, Mach 4. The table lists the parameters
δ0~R
, β and x0~R
 which indicates the susceptibility of the boundary layer to compression
for the various pressure gradient and Reynolds number combinations under investigation
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points must be available through the boundary layer to provide sufficient detail. Figure
3.10 shows velocity profiles taken at the same streamwise station under the same flow
conditions each time. In all five cases there are 160 cells in the j-direction through the
mech. All that varies is the size and number of the cells due to the stretching factor
used. From A to E, in each subsequent case the cell closest to the wall is half the
size in the j-direction of the wall cell in the preceding case. The stretching factor, r,
is applied such that for a block length L, L   Σarn1 where a is the size of the wall
cell. Reducing the initial cell size will also reduce the size of the cells immediately
following it thereby increasing the number of cells within the boundary layer. In figure
3.10, there is significant variation between the profiles in cases A to C, but there is
far less change from D to E as the refinement of the mesh ceases to make a significant
improvement. These figures are summarised in table 3.5.
Mesh Ratio Stretching factor Cells to BL edge Cells in j
A 1/2 1.00792492 6 160
B 1/8 1.02102439 21 160
C 1/16 1.02689515 33 160
D 1/32 1.03252491 47 160
E 1/64 1.03799319 59 160
Table 3.5: Stretching factors used in the vertical mesh convergence. Shows the ratio of
size of a between meshes compared to an unstretched mesh with 160 cells in j
Furthermore, figures in section 4.3.3.2 in the following chapter shows velocity and
temperature profiles at regular intervals along the zero pressure gradienty surface and
successfully compares them to the theoretical Blasius solution.
In addition to refining the mesh vertically, it is also important to have mesh in-
dependance horizontally. Figure 3.11 shows wall skin friction results for meshes of
different densities along the compression curve. The horizontal sizing of the mesh is of
particular importance in the presence of a pressure gradient since too coarse a mesh
creates a different pressure gradient than that intended by the geometry.
Figure 3.11 shows the skin friction coefficient along the compression surface for
x0~R   3. The full compression curve is shown in figure 3.11(a) illustrating the effect
of increasing the number of cells in i while 3.11(b) focusses on the region around x0 to
demonstrate the effect of horizontal stretching.
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Figure 3.10: Velocity profiles at a given streamwise location - variation created by
varying number of cells and stretching factors through the boundary layer
In figure 3.11(a), meshes A to C have 60, 80 and 100 cells in the i -direction re-
spectively, stretched such that the cells near the x0 interface are refined. D has 150
cells with no horizontal stretching. By applying a stretching factor, the cells closest
to the vertical interface between blocks 2 and 3 are reduced in size and the cells at
the opposite end of the block are necessarily larger. As can be seen from the figure, if
the cells are too large then the effective streamwise pressure gradient varies. C and D
show minimal variation indicating that C has the right balance of sufficient horizontal
cells and streamwise stretching for mesh convergence. These meshes are summarised
in table 3.6.
Mesh Ratio Cells in i
A 1/8 60
B 1/8 80
C 1/8 100
D 1/1 150
Table 3.6: Number of cells along the compression curve for the x0~R

  3 pressure
gradient mesh convergence as shown in figure 3.11(a). The ratio indicates the size of a
compared to an unstretched mesh with the indicated number of cells in i
The same effect of mesh refinement on streamwise pressure gradient can be seen in
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(a) Cf for the full compression curve
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(b) Cf in the x0 region
Figure 3.11: Showing the effect of mesh convergence on the skin friction calculated for
an adverse pressure gradient flow (x0~R

  3). The full compression curve is shown in
(a), whilst (b) focusses on the region of x0
3.4. Validation and mesh convergence 59
figure 3.11(b). In this case, meshes A to D have the same number of cells horizontally.
A has no stretching factor while in B to D, the interface cell at x0 is 1/4, 1/8 and 1/16
respectively (see table 3.7). The detail in the corner region increases as the meshes are
refined. As before, C and D show minimal variation between the runs. Consequently,
the stretching factor used in C was used for the computations throughout this thesis:
it provides sufficient detail for accurate results in the pressure change region and does
not cause excessive stretching at the downstream end of the compression surface.
Mesh Ratio Stretching factor Cells in i
A 1/1 1 100
B 1/4 1.02381942 100
C 1/8 1.03393918 100
D 1/16 1.04348613 100
Table 3.7: Stretching factor along the compression curve for the x0~R

  3 pressure
gradient mesh convergence as shown in figure ??. The ratio indicates the size of a
compared to an unstretched mesh with the indicated number of cells in i
The accuracy of the modeled flow on the compression curve is only as good as the
flow on the incoming flat plate. In particular, stretching the mesh horizontally in order
to refine it in the intersection region will cause the cells to grow at the leading edge.
In order to properly capture the viscous interaction in this region the mesh mush be
sufficiently refined. Figure 3.12 shows the flat plate region leading up to x0. In each
case the number of cells used along the flat plate section increases from case to case.
For cases A, B and C, a stretching factor leading to a ratio of 1/8a at the interface with
the start of the compression curve mesh has been used. In case D, no stretching factor
has been applied. The less refined meshes clearly show not only a less smooth variation
in skin friction at the leading edge, but also a reduced peak value. As above, there is
no apparent variation between cases C and D at the leading edge. The conditions in
case C as listed in table 3.8 were used in later computations.
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Figure 3.12: Horizontal convergence on the incoming flat plate flow
Mesh Ratio Stretching factor Cells in i
A 1/8 0.91989091 50
B 1/8 0.95617505 80
C 1/8 0.97707089 100
D 1/1 1 150
Table 3.8: Stretching factor along the flat plate section for the x0~R

  3 pressure
gradient mesh convergence as shown in figure 3.12. The ratio indicates the size of a
compared to an unstretched mesh with the indicated number of cells in i
Chapter 4
Laminar boundary layer flow
4.1 Introduction
Boundary layers under constant conditions are well understood and well represented
theoretically. Abrupt changes in pressure gradient, whether from geometry or incident
shock waves, cause significant deviation from theory. The following chapters set out to
explore this modification.
As illustrated in chapter 3, the computational set-up consists of a flat plate section
and a compression curve. The chosen investigation uses the change between zero and
adverse linear constant pressure gradient flows. Away from the interaction region,
the flows can be considered as boundary layers under constant pressure gradients. As
such, the surface may be further sub-divided depending upon the development of the
boundary layer as shown in figure 4.1. The investigation will focus on these regions in
the following order:
1. Leading edge, viscous interaction region
2. Zero pressure gradient, flat plate
3. Constant linear adverse pressure gradient curve
4. Compression corner: region of pressure gradient change.
In all of the laminar cases investigated, the same initial flat plate region (from x   0
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Figure 4.1: Boundary layer regions
to x   x0) was used. In the ZPG case, the plate continues to be flat from x   x0 to
x   xmax whilst in the adverse pressure gradient cases, the surface between these two
points is curved. This means that the flow over the simplest case of a zero pressure
gradient, flat plate laminar boundary layer flow has relevance to all of the cases under
investigation. Since this is the incoming flow in all cases, it is the first type explored.
This chapter begins with dimensional analysis to determine the dimensionless pa-
rameters of interest to flow properties within the constant pressure gradient flows (ZPG
and adverse constant linear). Following this a parameter study will show that whilst
ZPG flows show exact similarity, the adverse pressure gradient flows are significantly
influenced by the strength of dp~dx and the incoming boundary layer.
The compression corner is the final region in the list above and will be discussed
in the next chapter where the non-equilibrium effects of boundary layer compression
will be explored. Chapter 6 looks at turbulent versions of these flows and possible
comparisons to the laminar results.
4.2 Dimensional analysis
A parameter study is required in order to gain a clear understanding of the influence
of certain flow variables on a boundary layer flow. In a parameter study, only one
non-dimensional parameter should be changed at a time. Dimensional analysis can
be used to establish the non-dimensional parameters that best describe the boundary
layer flow.
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Figure 4.2: Variables required to describe the flow over a ZPG flat plate and compres-
sion curve. The compression ramp geometry has a continually varying radius of curvature
in order to produce a constant linear adverse pressure gradient based on inviscid Prandtl-
Meyer turning theory
4.2.1 Zero pressure gradient flow
A zero pressure gradient boundary layer flow may be described using fewer basic vari-
ables than a case with a pressure gradient included. Starting with the ZPG case, on
an intuitive basis the most basic variables to describe this type of flow are:
 The free stream velocity, U
ª
 The free stream density, ρ
ª
 The free stream pressure, p
ª
 The free stream temperature, T
ª
 The wall temperature, Tw
 The free stream viscosity, µ
ª
 The free stream heat conductivity, k
ª
 The two specific heats cp and cv, or cp and γ, or R and γ
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 Streamwise distance, x
Therefore, any flow property such as the boundary layer thickness, δ, can be written
as a function of these variables:
δ   fU
ª
, ρ
ª
, p
ª
, T
ª
, Tw, µª, kª, γ, cp, x (4.1)
The set of physical variables to be used in the dimensional analysis must be in-
dependent of each other such that one cannot be derived from a combination of the
others. In the set of variables above, using the perfect gas equation (p   ρRT ), the
free stream pressure (or ρ
ª
or T
ª
) may be replaced by the specific gas constant, R.
Furthermore, cp   γR~γ  1 so replacing pª by R means that cp no longer needs to
be included.
The combination of variables picked depends upon the parameter to be studied on
the left hand side. If the evolution of surface pressure over the geometry, px~p
ª
,
was to be studied for example, the combination of variables on the right hand side
would logically want to include p
ª
. A degree of judgement is required in this type of
investigation.
This case however will use the following:
δ   fU
ª
, ρ
ª
, T
ª
, Tw,R,µª, kª, γ, x (4.2)
The Buckingham Pi theory states that if the number of fundamental dimensions
needed to describe the variables is K and N is the number of variables present, then
the physical relation under consideration can be described as a function of (N-K )
dimensionless products (Πi, ...,Π
NK).
Each product is composed of a dimensionless combination of K repeated variables
and one other variable from the given set. The fundamental dimensions required to
express the chosen variables in the set in equation 4.2 are mass, length, time and
temperature. The K repeated variables must contain all of these dimensions between
them, in this case choosing U
ª
, ρ
ª
, T
ª
and x. There are 9 variables in equation 4.2
and 4 fundamental dimensions so there must be a set of 5 independent, dimensionless
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products:
δ
x
  fΠ1,Π2,Π3,Π4,Π5 (4.3)
where:
Π1   fnUª, ρª, Tª, x,R (4.4)
Π2   fnUª, ρª, Tª, x, µª (4.5)
Π3   fnUª, ρª, Tª, x, kª (4.6)
Π4   fnUª, ρª, Tª, x, Tw (4.7)
Π5   fnUª, ρª, Tª, x, γ (4.8)
Equation 4.2 becomes:
δ
x
  f M
ª
,Rex, P r,
Tw
T
ª
, γ (4.9)
4.2.2 Adverse pressure gradient flows
Further variables must be added to the set listed above when a compression curve is
added to the flat plate section: a variable to describe the rapidity of compression, and
an indication of the state of the incoming boundary layer (see figure 4.2). A logical
variable for the former would be the form of the radius of curvature. In the cases under
investigation, the radius on curvature for the compression surface is not constant since
it is designed to create a constant linear pressure gradient. Instead of a radius of
curvature, a compression length R, may be designated as follows:
R  
pinitial
dp~dx
(4.10)
In a ZPG laminar boundary layer case, if the flow conditions are known, then
the boundary layer thickness at given point can be determined from the streamwise
distance to this point. Either the boundary layer thickness at the end of the ZPG
section, δ0, or the length of the ZPG section, x0, can be used to define the boundary
layer at the start of the compression curve. Either way, when studying the compression
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flow it is sensible to define a streamwise distance, x   x  x0 in relation to the start of
the compression curve.
The additional variables to be included in the dimensional analysis are therefore R
and either x0 or δ0. These give the following dimensionless groups:
x
R
,
x0
R
(4.11)
or
x
R
,
δ0
R
(4.12)
A thick boundary layer (that is to say, one where δ is significant in comparison to
the radius of curvature) is more susceptible to the change in pressure gradient. There-
fore, the ratio δ0~R is a better indicator of the potential severity of non-equilibrium
effects than xO~R. That said, xO~R is the same for a given pressure gradient between
the different Mach numbers, temperature ratios and laminar and turbulent boundary
layers. As such, it will be used to label figures for ease of comparison. Equation 4.9
shows the dimensionless parameters required to define a boundary layer thickness. Pro-
vided these are included, the dimensionless group δ0~R may be used in the definition of
the flow properties over a flat plate and a compression curve. The set of dimensionless
parameters required to describe a flow property, Φ, now becomes:
Φ   f M
ª
,Rex, P r,
Tw
T
ª
, γ,
x
R
,
δ0
R
 (4.13)
4.3 Parameter study
4.3.1 A note on the computational setup
The computations were run using nitrogen as a test gas. In all of the cases studied,
the ratio of specific heats, γ, and the Prandtl number, Pr, have been kept constant.
Comparisons have been made between the effect of different values of Rex0, Mª and
Tw~Tª, by varying one parameter while holding the other values constant. The range
of the relevant non-dimensional parameters is recorded in tables 4.1 and 4.2. As well
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as comparing the variation in Reynolds number by changing Rex0, Rex variation also
occurs due to a variation in streamwise distance.
Pr M Tw~Tª Rex0 x0~R β δ0~R
0.72 4
1
8.75  104
0.0 0.0 0.0000
1.0 1.0 0.0116
2.0 2.0 0.0233
3.0 3.0 0.0349
4.0 4.0 0.0465
3.5  105
0.0 0.0 0.0000
1.0 1.0 0.0230
2.0 2.0 0.0461
3.0 3.1 0.0691
4.0 4.1 0.0921
1.4  106
0.0 0.0 0.0000
1.0 1.0 0.0059
2.0 2.1 0.0118
3.0 3.1 0.0177
4.0 4.2 0.0236
0.5 3.5  105
0.0 0.0 0.0000
1.0 0.9 0.0104
2.0 1.8 0.0210
3.0 2.8 0.0317
4.0 3.6 0.0409
5.0 4.7 0.0517
0.25 3.5  105
0.0 0.0 0.0000
1.0 0.8 0.0098
2.0 1.7 0.0196
3.0 2.5 0.0295
4.0 3.3 0.0393
Table 4.1: Computational parameters, Mach 4. Compression parameters are introduced
in chapter 4 and additionally defined in the nomenclature
δ  
5.0x
º
Rex
F Me, P r,
Tw
Te
 (4.14)
Cf  
1.328
º
Rec
GMe, P r,
Tw
Te
 (4.15)
As observed in Chapter 2, the compressible Blasius solution provides relationships
for various boundary layer flow properties in terms of Reynolds number, Mach number,
Prandtl number and temperature ratio. The boundary layer thickness and the local
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Pr M Tw~Tª Rex0 x0~R β δ0~R
0.72
6 1 3.5  105
0.0 0.0 0.0000
1.0 0.7 0.0168
2.0 1.3 0.0308
3.0 2.0 0.0460
4.0 2.5 0.0588
8 1 3.5  105
0.0 0.0 0.0000
1.0 0.4 0.0183
2.0 0.9 0.0365
3.0 1.3 0.0548
4.0 1.8 0.0730
Table 4.2: Computational parameters, Mach 6 & 8. Compression parameters are intro-
duced in chapter 4 and additionally defined in the nomenclature
skin friction coefficient are two such properties. Three values of Rex0 were chosen for
this investigation. They increase by a factor of 4 each time and are shown in table 4.1.
This change was created by increasing both the density and pressure by the same factor
whilst maintaining the temperature and Mach number constant. From equations 4.14
and 4.15 above it can be seen that this should lead to half the boundary layer thickness
and double the shear stress at a given streamwise location. It should, however, be noted
that due to the leading edge interaction discussed below, ‘real’ flow does not result in
exactly these relationships.
4.3.2 Leading edge region
At high Mach numbers, the initial boundary layer growth is extremely rapid. The
consequent rapid increase in displacement thickness causes the streamlines in the on-
coming free stream flow to experience a sharp effective change in flow angle creating a
shock at the surface leading edge. This modification of the outer flow is fed back to the
boundary layer, changing its growth and properties in turn. This viscous interaction
is strong near the leading edge with the boundary layer and free stream flow having
a significant effect on each other. As streamwise distance increases and the growth
in displacement thickness slows, the viscous interaction becomes much weaker. The
presence of this viscous interaction and the consequent shock causes a rise in the local
pressure at the leading edge above the inviscid free stream value.
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(a)
(b)
Figure 4.3: Boundary layer development in a hypersonic flow with viscous interaction
from Anderson3
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Figure 4.4: Wall pressure induced by leading edge viscous interaction on the flat plate
up to x0. j  Rex0   8.75  10
4, n  Rex0   3.5  10
5, Z  Rex0   1.4  10
6. Red, green and
blue symbols for M
ª
 4, 6 and 8 respectively. Q  Tw~Tª   0.5 P  Tw~Tª   0.25,  
adiabatic wall
Figure 4.4 shows the wall pressure along initial portion of the surface in a zero
pressure gradient flat plate flow for the values of Rex0, temperature ratio and Mach
number specified in tables 4.1 and 4.2. It can be seen that after the leading edge peak
in pw, the pressure drops with increasing streamwise distance. If the plate were long
enough, the ratio pw~pª would eventually asymptote to 1 in all cases. This means that
the theoretical zero pressure gradient of the flat plate is in fact modified into a mild
favourable pressure gradient instead.
Moreover, the severity of the peak changes with Rex0: pw in the Rex0   8.75  104
case is approximately twice the wall pressure at the same station for the Rex0   3.5105
case and four times that of the Rex0   1.4  106 case. Equations 2.15, 2.16 and 2.17
show that, as with boundary layer thickness, the induced pressure gradient decreases
with Rex0 and increases with the Mach number.
For hypersonic boundary layers, Anderson states that the equation relating bound-
ary layer growth to Reynolds number (δ 
º
Rex) may be modified to include Mach
effects: δ  M
2
e
º
Rex
.2 As such, for the same Reynolds number, a boundary layer may grow
significantly more rapidly as the freestream Mach number is increased. As mentioned
in chapter 2, the rapid growth of high Mach number boundary layers distorts the outer
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flow which in turn affects the development of the boundary layer. The more significant
the rate of growth of the boundary layer, the greater this viscous interaction and the
greater the leading edge pressure peak.
The induced wall pressure is a function of χ (introduced and defined in chapter
2), the viscous interaction parameter. Equation 2.18 in chapter 2 shows that this
interaction parameter is heavily dependent upon both Mach number and Reynolds
number. Figure 4.5 compares the theoretical induced surface pressure calculated from
χ to that derived from the computational results for the three Mach numbers and shows
that in all three cases, the computational results lie comfortably within the theoretical
bounds.
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Figure 4.5: Wall pressure along the length of the flat plate given as Rex at zero angle
of incidence compared to that predicted by viscous interaction theory. Z  pw~pª from
CFD, lines: induced pressure from viscous interaction theory
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4.3.3 Zero pressure gradient flow
δ
x
  f M
ª
, P r,
Tw
T
ª
, γ,Rex
It is important to have an understanding of the boundary layer properties and
effects in the most simple, ZPG flat plate case, before exploring the changes that are
introduced by an imposed pressure gradient. In this section, the development of various
properties (velocity and temperature profiles, Cf and CH) and their variation with Rex,
M
ª
and Tw~Tª (due to both streamwise location and value at x0) will be considered.
4.3.3.1 Boundary layer development
The edge of the boundary layer is generally defined as the point at which the local
velocity is some percentage, say 99.5% of the free stream value. At high Mach numbers
however, the presence of the leading edge shock means that the flow behind the shock is
slower than the infinite upstream value or edge value. The total temperature however
will recover to the free stream value outside of the viscous boundary layer and can be
used to define the edge of this region. In this thesis, the boundary layer edge has a
thermal edge definition given as the following:
δ  
T0  Tw
T0ª  Tw
  0.995 (4.16)
As noted in the previous section, at hypersonic speeds, the boundary layer develops
rapidly. Figure 4.6 plots δ, showing the growth of the boundary layer with distance for
three Mach numbers and Reynolds numbers on the left and for four different temper-
ature conditions on the right.
The variation of boundary layer thickness with Reynolds number is more precisely
expressed in equation 4.14 than the effect of the other non-dimensional parameters.
Figure 4.6 shows δ along the flat plate for all of the flow conditions. On the left hand
side, figure 4.6(a) shows three values of Rex0 and three Mach numbers at Tw~Tª  
1. Normalisation of δ by x~Re0.5x collapses the same Mach number cases together.
δRe0.5x ~x tends to a constant as the flow moves further downstream of the leading edge
demonstrating the relationship given in equation 4.14. On the right hand side, figure
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Figure 4.6: ZPG boundary layer edge for three values of Rex0 at three Mach numbers.
j  Rex0   8.75  10
4, n  Rex0   3.5  10
5, Z  Rex0   1.4  10
6. Red, green and blue
symbols for M
ª
 4, 6 and 8 respectively. Q  Tw~Tª   0.5 P  Tw~Tª   0.25,   adiabatic
wall
4.6(b) compares the different temperature conditions. Reducing the temperature ratio
decreases the boundary layer thickness although with less significant effect than the
change in Rex0 or Mª. The most dramatic change comes from the adiabatic wall case.
It should be noted that the method used to predict the boundary layer edge does
not fuction well with the adiabatic wall case. Figure 4.7 shows the velocity and tem-
perature at the calculated boundary layer edge for all of the zero pressure gradient
cases. Although δ is calculated based on T0 rather than velocity as shown in figure
4.16, figures 4.7(a) and 4.7(c) show that Ue is none the less calculated to be greater
than 0.975U
ª
at all points for the isothermal wall cases. For the adiabatic case how-
ever, figure 4.7(e) shows that Ue is calculated as approximately 0.75Uª showing that
this formulation does not successfully find the edge of the adiabatic boundary layer.
Due to the no-slip condition, for any Newtonian fluid there must be a subsonic
region within the boundary layer. In an incompressible flow this extends to the entire
boundary layer but the higher the free stream Mach number, the thinner this region
becomes. In the zero pressure gradient case, after the initial very rapid increase in
δ at the surface leading edge, the sonic line settles to approximately 18%, 13% and
10% of the local boundary layer thickness (fig 4.8(a)) for M
ª
  4, 6 and 8 respectively.
This holds for all three of the Reynolds number cases which collapse together for each
Mach number when the sonic line height is non-dimensionalised by the boundary layer
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Figure 4.7: ZPG boundary layer edge velocity and temperature for (a) three values of
Rex0 at three Mach numbers and (b) at varying temperature ratios j  Rex0   8.7510
4,
n  Rex0   3.5  10
5, Z  Rex0   1.4  10
6 at Tw~Tª   1. Red, green and blue symbols for
M
ª
 4, 6 and 8 respectively. Q  Tw~Tª   0.5 P  Tw~Tª   0.25,   adiabatic wall
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Figure 4.8: ZPG boundary layer sonic line for (a) three values of Rex0 at three Mach
numbers and (b) at varying temperature ratios j  Rex0   8.7510
4, n  Rex0   3.510
5,
Z  Rex0   1.4  10
6 at Tw~Tª   1. Red, green and blue symbols for Mª  4, 6 and 8
respectively. Q  Tw~Tª   0.5 P  Tw~Tª   0.25,   adiabatic wall
thickness. Figure 4.9 non-dimensionalises the sonic line height with the free-stream
Mach number as well. The initial development of the sonic line at the plate leading edge
is different across the Mach numbers and the Reynolds numbers, but as the boundary
layer develops, the lines collapse to a constant indicating that ySL  1~M0.84
ª
.
Figure 4.8(b) shows the sonic line for the different temperature ratio cases. Re-
ducing the wall temperature in comparison to the freestream temperature reduces the
proportion of the boundary layer that is subsonic. The reduction in Tw leads to a drop
in local speed of sound for the flow causing the flow to become locally supersonic closer
to the wall. At Tw~Tª   1 (for Mª   4 and Rex0   3.5  105), 18% of the boundary
layer is subsonic while for Tw~Tª   0.5 and 0.25, 12% and 8% of the boundary layer
respectively is subsonic.
4.3.3.2 Velocity and temperature profiles
According to the Blasius solution, velocity and temperature profiles at any point along
a ZPG plate are self-similar when appropriately non-dimensionalised. The laminar
code provides an exact solution to the laminar boundary layer equations. Van Driest
derived compressible Blasius solution results for laminar, flat plate flows based on the
idea of the temperature or rather enthalpy profile being a function of the velocity
distribution through the boundary layer96 as shown in equation 4.17
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Figure 4.9: ZPG boundary layer sonic line for (a) three values of Rex0 at three Mach
numbers. j  Rex0   8.75  10
4, n  Rex0   3.5  10
5, Z  Rex0   1.4  10
6 at Tw~Tª   1.
Red, green and blue symbols for M
ª
 4, 6 and 8 respectively. Non-dimensionalised with
Mach number.
Figure 4.10: Boundary layer temperature profiles as a function of the velocity profile.
Comparing CFD to theory from Van Driest.96 j  Rex0   8.75 10
4, n  Rex0   3.5 10
5,
Z  Rex0   1.4  10
6. Red, green and blue symbols for M
ª
 4, 6 and 8 respectively. Q 
Tw~Tª   0.5 P  Tw~Tª   0.25,   adiabatic wall. Lines indicate the Van Driest theory.
x~x0   0.8
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Figure 4.10 shows the enthalpy distribution through the boundary layer for the var-
ious Mach numbers, Reynolds numbers and temperature ratios plotted against U~U
ª
.
Included as lines are Van Driest’s theoretical predictions. There is a close correlation
between the computational results and the theory in all cases. The maximum temper-
ature through the boundary layer increases with Mach number. In the adiabatic wall
case, no heat transfer to the wall means a significantly greater rise in flow temperature
instead. It should be noted that neither the Blasius solution nor Van Driest’s theory
include the leading edge viscous interaction effect.
Considering the variation of Rex due to streamwise location initially, figure 4.11
shows velocity and temperature profiles at regular intervals along the surface. Whilst
it can be seen in the figure that the profiles are not an exact match, they are very
similar to each other. They also tend towards a final profile as streamwise distance
increases.
Ut/U∞
(y N
/x
)R
e
x0.
5
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10
2
4
6
8
10
12
x’/x0 = -0.2
x’/x0 = 0.0
x’/x0 = 0.2
x’/x0 = 0.4
x’/x0 = 0.6
x’/x0 = 0.8
Theory
(a) Velocity profiles
T/T
∞
(y N
/x
)R
e
x0.
5
1 1.1 1.2 1.3 1.4 1.5 1.60
2
4
6
8
10
12
x’/x0 = -0.2
x’/x0 = 0.0
x’/x0 = 0.2
x’/x0 = 0.4
x’/x0 = 0.6
x’/x0 = 0.8
Theory
(b) Temperature profiles
Figure 4.11: Dimensionless velocity and temperature profiles. Symbols indicate com-
putational results at stations from x~x0   0.2 to 0.8. Line shows the theoretical results
using the Crocco method after Van Driest.96 ZPG flow with a Rex0   3.5  10
5
What is more, the solid line on figures 4.11(a) and 4.11(b) indicates the theoretical
Blasius solution for this Mach number (M
ª
) as calculated by Van Driest using Crocco’s
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Figure 4.12: Dimensionless velocity and temperature profiles at x~x0   0.8 for three
Rex0 in a ZPG flow
solution.96 The computational profiles show a close comparison to the theory.
The disparity between the profiles is caused by the effective favourable pressure
gradient due to the plate leading edge which is included in the CFD but not the
theory. This effect is described in section 4.3.2 above. Figure 4.4 shows that in the
Rex0   3.5  105 case, the wall pressure at the leading edge is effectively raised by
as much as 13% (rising to 25% in the Rex0   8.75  104 case). The strength of the
favourable pressure gradient decreases with streamwise distance, and by 40% of the
plate length, wall pressure is showing a less than 3% increase over the free stream
value.
Figure 4.12, on the other hand, shows the velocity and temperature profiles taken
at x~x0   0.8 for the three values of Rex0. These show an exact match to each other
and close match to the theory indicating that as streamwise distance increases and
the effect of the induced pressure gradient weakens, the self similarity of the profiles
becomes evident.
A more in depth view of the effects of the other flow conditions will be undertaken
in the section on adverse pressure gradients.
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4.3.3.3 Cf , CH and the Reynolds analogy
Local skin friction and heat transfer coefficients are highly dependent on the flow
conditions. As above, in this section the variation of these parameters with various
setups is discussed.
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Figure 4.13: Variation in skin friction coefficients with streamwise distance in a ZPG
boundary layer for (a) & (b) three values of Rex0 at three Mach numbers and (c) & (d) at
varying temperature ratios j  Rex0   8.75 10
4, n  Rex0   3.5 10
5, Z  Rex0   1.4 10
6
at Tw~Tª   1. Red, green and blue symbols for Mª  4, 6 and 8 respectively. Q 
Tw~Tª   0.5 P  Tw~Tª   0.25,   adiabatic wall
It is the natural tendency of a boundary layer to grow in thickness as it develops
along a plate through the action of viscous diffusion. Thickening of the boundary layer
causes the velocity gradient at the wall to decrease. Consequently, the skin friction
coefficient drops. As previously discussed, in a laminar boundary layer, Cf is a function
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of the Reynolds number. Figure 4.14 shows the skin friction on a zero pressure gradient
flat plate as calculated by the CFD (solid line) compared to Van Driest’s theory96 (solid
line). Van Driest charts CF
º
Rex against Mach number for various temperature ratios.
The same paper also gives the ratio of mean to local skin friction as
CF   2Cf (4.18)
The theoretical line in figure 4.14 is calculated using these. As can be seen, towards the
leading edge the difference between the theory and the CFD is not insignificant while
further downstream the match is progressively closer. As with the velocity profiles in
the previous section, the skin friction predicted by Van Driest assumes a zero pressure
gradient while the CFD takes into account the effective favourable pressure gradient
caused by viscous interaction. The theory over predicts the skin friction at the leading
edge, viscous interaction causes the boundary layer to grow much more rapidly near the
leading edge than for lower Mach number boundary layers. In this case, the thickening
boundary layer means the velocity gradient at the wall is weaker leading to lower shear
stress. Further downstream, the effective pressure gradient diminishes bringing the
CFD closer to the theory.
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Figure 4.14: Skin friction on a zero pressure gradient flat plate comparing the CFD
(solid line) to Van Driest’s theory (dashed line)
Figures 4.13 and 4.15 shows the variation in non-dimensional local skin friction
and heat transfer coefficients respectively in the streamwise direction along the plate.
4.3. Parameter study 82
Plotting Cf and CH in combination with Re0.5x collapses the three Reynolds number
cases for a given Mach number together. As with the boundary layer growth in the
previous section, increasedM
ª
leads to a decrease in the downstream value of both skin
friction and heat transfer although the leading edge peak is more significant. Similarly,
reducing the temperature ratio also leads to a decrease in skin friction and heat transfer
although again, the effect is less evident than that caused by a change in Mach number.
The adiabatic wall case has, by definition, no heat transfer and the skin friction is also
reduced.
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Figure 4.15: Variation in heat transfer coefficients with streamwise distance in a ZPG
boundary layer for (a) & (b) three values of Rex0 at three Mach numbers and (c) & (d) at
varying temperature ratios j  Rex0   8.75 10
4, n  Rex0   3.5 10
5, Z  Rex0   1.4 10
6
at Tw~Tª   1. Red, green and blue symbols for Mª  4, 6 and 8 respectively. Q 
Tw~Tª   0.5 P  Tw~Tª   0.25,   adiabatic wall
Figures 4.13 and 4.15 show that both Cf and CH are proportional to Re
1~2
x . Since
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the boundary layer thickness is also proportional to Re
1~2
x , the lower Rex0, the thicker
the boundary layer at a given streamwise location and consequently, the weaker the
wall velocity and temperature gradients. It should be noted that the total heat transfer
to the surface is equivalent to the loss in total enthalpy between the flow entering and
leaving a streamtube over the length of the plate into an exit height equal to or greater
than the local boundary layer height.
The relationship between friction and convective heat transfer processes in the
boundary layer is often expressed in the Reynolds Analogy. For a compressible laminar
zero pressure gradient boundary layer, the incompressible relation is modified to include
the Prandtl number and is expressed as:101
Cf
CHPr2~3
  2 (4.19)
This indicates that, on a flat plate, the fractional decrease in both skin friction and heat
transfer with streamwise distance is the same. This analogy is valid for zero pressure
gradient boundary layers. As such, it can be seen from figure 4.16 that whilst the CFD
results generally match the theory very well, to within approximately 2%, this error
grows to over 5% at the leading edge in the presence of the effective pressure gradient.
This figure also shows that variation in Cf and CH are proportional for differing Mach
numbers, Reynolds numbers and wall temperatures.
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Figure 4.16: Reynolds Analogy for ZPG comparing for (a) three values of Rex0 at
three Mach numbers and (b) at varying temperature ratios j  Rex0   8.75  10
4, n 
Rex0   3.5  10
5, Z  Rex0   1.4  10
6 at Tw~Tª   1. Red, green and blue symbols for
M
ª
 4, 6 and 8 respectively. Q  Tw~Tª   0.5 P  Tw~Tª   0.25,   adiabatic wall
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4.3.4 Adverse pressure gradient flows
Φ   f M
ª
, P r,
Tw
T
ª
, γ,Rex0 ,
x
R
,
δ0
R

In this section, the Mach and Prandtl numbers, the temperature ratio and the ratio
of specific heat capacities are constant. The parameters that are varied are Rex0, x~R
and δ0~R. The question is, therefore, how does the rapidity of the compression affect
the flow, and how does the incoming flow influence the compression effects? In this
chapter, the general variation in boundary layer flow properties along the length of the
compression curve is discussed. The effects of changing from one pressure gradient to
another (ZPG to adverse PG) will be investigated in the next chapter.
As in section 4.3.3, this section will cover velocity and temperature profiles, and
skin friction and heat transfer variation. Before that, however, consider some of the
boundary layer edge properties under the different pressure gradients.
4.3.4.1 Pressure variation
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Figure 4.17: Variation in wall and edge pressure with streamwise location. Comparing
all flow conditions at x0~R

  1. j  Rex0   8.75  10
4, n  Rex0   3.5  10
5, Z  Rex0  
1.4  106 at Tw~Tª   1. Red, green and blue symbols for Mª  4, 6 and 8 respectively.
Q  Tw~Tª   0.5 and P  Tw~Tª   0.25
Figure 4.17 shows the streamwise variation in pressure both at the wall (a) and at
the boundary layer edge (b). The geometries are designed to produce linear adverse
pressure gradients with the same overall pressure ratio. While four different rates of
compression are used, non-dimensionalising the streamwise distance as x~R maps the
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pressure rise of each case onto one line. This occurs since at a given x~R the local
wall angle is the same.
As mentioned in chapter 3, the pressure rise in viscous cases is not as great as that
predicted by inviscid theory. Moreover, the stronger the pressure gradient, the greater
the reduction in pressure rise. Boundary layer growth and subsequent thinning means
that the deflection the freestream experiences is less than that of the inviscid case.
4.3.4.2 Edge properties
A boundary layer can only grow by absorbing and decelerating mass from the free
stream. In a laminar boundary layer where the exchange in momentum and mass
between the boundary layer and the external flow only happens on a molecular level,
the mass flow rate in the boundary layer,
R
ρUdy, varies only gently. Introducing a
boundary layer to an adverse pressure gradient slows the flow as the pressure increases.
In an incompressible case, the boundary layer must thicken to compensate and maintain
the mass flow rate. In a supersonic flow on the other hand, the density is now variable.
As the pressure gradient increases, the density will increase, but the velocity will also
drop. The influence of each of these mechanisms in preserving the mass flow rate
depends on the rapidity of the compression.
Figures 4.18, 4.19 and 4.20 shows the velocity at the boundary layer edge for each
of the pressure gradients under each of the flow conditions. The variation in Ue each
of the flow conditions is the same all four pressure gradients. There is little difference
between Te along the compression curve for the various pressure gradients for the flows
at Mach 4. However, as the Mach number increases, the greater the difference in edge
temperature at a given x~R, the more rapid the compression and the lower the edge
temperature.
Figure 4.24 compares Ue and Te at each of the flow conditions for the x0~R   4
compression case. There is an approximate decrease of 9% in edge velocity over the
length of the compression surface for the flows at Mach 4. For the flows at Tw~Tª   0.5
and 0.25, this reduction is slightly lower at approximately 8% while the Mach 6 and
mach 8 cases show a drop of 4.5% and 3% respectively. In an ‘outer’ inviscid flow,
an increase in pressure will always lead to a decrease in velocity. Since the viscous
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Figure 4.18: Variation of velocity and temperature at the boundary layer edge with
streamwise distance along the compression curve. Comparing Ue and Te for three
Reynolds numbers, M
ª
  8, Tw~Tª   1. The stronger dp~dx, the more significant the
drop in δ. j  x0~R

  0, Q  x0~R

  1, P  x0~R

  2, n  x0~R
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Figure 4.19: Variation of velocity and temperature at the boundary layer edge with
streamwise distance along the compression curve. Comparing Ue and Te for three M
numbers, Rex0   3.510
5, Tw~Tª   1. The stronger dp~dx, the more significant the drop
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Figure 4.20: Variation of velocity and temperature at the boundary layer edge with
streamwise distance along the compression curve. Comparing Ue and Te for three tem-
perature ratios, Rex0   3.5  10
5, M
ª
  4. The stronger dp~dx, the more significant the
drop in δ. j  x0~R

  0, Q  x0~R

  1, P  x0~R

  2, n  x0~R

  3, Z  x0~R

  4,  
x0~R

  5
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near-wall flow must match the free stream velocity at the boundary layer edge, this
shows that although the density is affected by the rise in pressure, the flow is still
being decelerated. The rise in density is therefore not as great as the rise in pressure
in the boundary layer. This in turn leads to an increase in the edge temperature of
the boundary layer. Figure 4.24(b) shows that the rise in edge temperature increases
significantly with the Mach number.
Figures 4.21, 4.22 and 4.23 show the boundary layer edge along the compression
curve for the 4 pressure gradients at the various flow conditions. It should be noted
that in all M
ª
  4 cases, at the x0~R   1 gradient, the boundary layer thickness
changes very little along the compression curve (barely 2%). This implies that the
natural tendency of the boundary layer to grow in thickness with distance is being
balanced by the rise in density through compression. In fact, in the Tw~Tª   0.25
flow, the boundary layer under this rate of compression has evidently begun to grown
again by the end of the surface. The Mach 6 and Mach 8 flows show a more significant
decrease in δ at this rate of compression: 5% and 10% respectively. This indicates that
at higher Mach numbers the boundary layer takes longer to adjust to the change in
compression.
It can also be seen that in the stronger pressure gradient cases the boundary layer
thickness drops as the flow is compressed. When the flow is put through a rapid
compression, the pressure and hence density increase is more rapid than the diffusion
process, leading to a thinner boundary layer. The stronger the pressure gradient,
the more the inertial effects dominate the change from flat plate to compression flow.
Viscous diffusion is a relatively slow process and while it can never be negligible at the
wall, for a strong pressure gradient it has negligible effect away from the surface.
This means that as the pressure gradient increases, the inertial effects become
progressively more dominant in the initial compression region. However, as can clearly
be seen in figures 4.21 to 4.23, the stronger the pressure gradient, the faster and deeper
the decrease in boundary layer thickness. This means that the wall normal distance
that viscosity now has to act over is significantly reduced. Moreover, the wall velocity
gradient has increased thereby increasing the diffusive effect. It should be noted that
if the change in pressure is too severe, the flow will separate in the region of the
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Figure 4.21: Variation in boundary layer thickness, δ, with streamwise distance for a
ZPG and four adverse PG flows, Tw~Tª   1, Mª   4. Comparing δ for three Reynolds
numbers. The irregularities in the curve for β   1.01 come from the definition used to
calculate the boundary layer edge. j  x0~R

  0, Q  x0~R

  1, P  x0~R

  2, n 
x0~R

  3, Z  x0~R

  4,   x0~R

  5
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Figure 4.22: Variation in boundary layer thickness, δ, with streamwise distance for a
ZPG and four adverse PG flows, Tw~Tª   1, Rex0   3.5  10
5. Comparing δ for three
Mach numbers. The irregularities in the curve for β   1.01 come from the definition used
to calculate the boundary layer edge. j  x0~R

  0, Q  x0~R

  1, P  x0~R

  2, n 
x0~R

  3, Z  x0~R

  4,   x0~R

  5.
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Figure 4.23: Variation in boundary layer thickness, δ, with streamwise distance for
a ZPG and four adverse PG flows, M
ª
  4, Rex0   3.5  10
5. Comparing δ for three
temperature ratios. The irregularities in the curve for β   1.01 come from the definition
used to calculate the boundary layer edge. j  x0~R

  0, Q  x0~R

  1, P  x0~R

  2,
n  x0~R

  3, Z  x0~R

  4,   x0~R

  5.
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compression corner. This separation will creep upstream until a separation bubble is
created. These effects will be discussed in greater detail in the next chapter.
The final image in figure 4.24 shows the boundary layer height along the compression
curve comparing the three values of Rex0, Mª and Tw~Tª for the x0~R   4 flow.
There is very little difference between the three flows at M
ª
  4, temperature ratio
of 1. The two flows at a lower temperature ratio show a very similar reaction to the
change in pressure gradient with the boundary layer thinning more rapidly. Some
way downstream, the reduction in δ seems to be slowing suggesting that the lower
temperature ratio boundary layers adjust to the change in pressure gradient more
rapidly are would being to grow again sooner. The higher the Mach number on the
other hand, the slower the boundary layer appears to be to respond to the change in
pressure gradient. In both the Mach 6 and the Mach 8 cases, δ is still increasing for a
short way downstream of x0.
In summary, increasing the free stream Mach number and decreasing both Rex0
and Tw~Tª causes the flow to react more slowly to changes in pressure gradient.
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Figure 4.24: Boundary layer edge velocity, temperature and height for the x0~R

  4
comparing three values of Rex0,Mª and Tw~Tª. j  Rex0   8.7510
4, n  Rex0   3.510
5,
Z  Rex0   1.4  10
6 at Tw~Tª   1. Red, green and blue symbols for Mª  4, 6 and 8
respectively. Q  Tw~Tª   0.5 and P  Tw~Tª   0.25
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Figure 4.25: Velocity and temperature profiles along the compression curve from x~R  
0.0 to 2.5 for x0~R

  1, M   4, Rex0   3.5  10
5, Tw~Tª   1. Comparing the non-
dimensional parameter, j  x~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z 
x~R   2,   x~R   2.5
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4.3.4.3 Velocity and temperature profiles
This section observes the effect of the pressure gradient on the velocity and temperature
profiles and the variation in severity of this effect dependent upon the flow conditions.
The non-dimensional wall-normal distance provided by the Blasius solution is η  
y~x
º
Rex. In the zero pressure gradient case, this is straightforward. In the adverse
pressure gradient cases, though, the values of density and velocity used to find the
Reynolds number are open to debate. Figure 4.25 compares the velocity profiles along
the compression surface for the x0~R   1 case when using a non-dimensional parameter
based on a Reynolds number calculated using (a) ρ
ª
, U
ª
(b) ρw, Uª and (c) ρe, Ue.
As previously stated, the Blasius solution assumes self-similarity between the profiles
despite changes in Reynolds number. Although a flow under a pressure gradient cannot
be expected to maintain this self-similarity, ηw maintains this effect most closely. It is
therefore this version of the wall-normal non-dimensional parameter that will be used
throughout the rest of this thesis for pressure gradient flows.
The following figures from 4.26 to 4.50 plot velocity and temperature profiles for
all of the flow conditions at various streamwise locations and different comparison
combinations. Figures 4.26, 4.27 and 4.28 demonstrate a clear comparison between the
flow conditions by showing the velocity and temperature profiles at the start and end
of the compression curve for each of the pressure gradients comparing the three values
of Rex0, Mª and Tw~Tª respectively.
Unsurprisingly, there is very little variation between the profiles at the start of the
compression curve (x~R = 0.0) - at this point the boundary layer is more or less as
yet unaffected by the adverse pressure gradient. These figures show that by x~R   2,
the strength of the pressure gradient has an effect on the flow within the boundary
layer.
For the three Rex0 cases there is very little difference between the the profiles
at a given streamwise location and for a given pressure gradient. Although there is
substantial difference in the temperature and velocity profiles between the start and end
of the compression curve, there is negligible change in non-dimensional terms caused by
the value of Rex0 on the zero pressure gradient flow or the flow distantly downstream.
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Figure 4.26: Comparing the velocity and temperature profiles at the start (empty
symbols) and end (filled symbols) of the compression curve for the x0~R

  4 pressure
gradient case for three Reynolds numbers at M   4, Tw~Tª   1. Q  Rex0   8.75  10
4,
j  Rex0   3.5  10
5, Z  Rex0   1.4  10
6. The solid line indicates the theoretical Blasius
solution for M
ª
  4, Rex0   3.5  10
5, Tw~Tª   1
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Figure 4.27: Comparing the velocity and temperature profiles at the start (empty
symbols) and end (filled symbols) of the compression curve for the x0~R

  4 pressure
gradient case at three Mach numbers, Rex0   3.5  10
5, Tw~Tª   1. Q  Mª   4, j 
M
ª
  6, Z  M
ª
  8. The solid line indicates the theoretical Blasius solution for M
ª
  4,
Rex0   3.5  10
5, Tw~Tª   1
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Figure 4.28: Comparing the velocity and temperature profiles at the start (empty
symbols) and end (filled symbols) of the compression curve for the x0~R

  4 pressure
gradient case at three temperature ratios, Rex0   3.5  10
5, M
ª
  4. Q  Tw~Tª   1, j 
Tw~Tª   0.5, Z  Tw~Tª   0.25. The solid line indicates the theoretical Blasius solution
for M
ª
  4, Rex0   3.5  10
5, Tw~Tª   1
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On the other hand, a pressure gradient flow is clearly affected by the change in Rex
with streamwise distance. The effects of Rex0 on the flow in the region of a sharp
change in pressure gradient will be discussed in the next chapter.
Figure 4.27 compares the profiles between the three M
ª
cases. As shown by Van
Driest,96 increasing Mach number increases the non-dimensional boundary layer thick-
ness. At Mach 4, the difference between velocity profiles at the start and end of the
compression curve changes significantly as the pressure gradient increases, from barely
present at x0~R   1 to as much as 25% at x0~R   4. In figure 4.27 it can be seen that
at Mach 6 and 8, the difference between the velocity profiles at the start and end of
the compression curve are much more consistent, being substantially apparent even at
the lowest rate of compression. Furthermore, the boundary layer thickness is reduced
by a cooler wall. Figure 4.28 shows that as the temperature ratio drops so does the
variation between the velocity profiles at the start and end of the compression curve.
In figures 4.26 to 4.28, the temperature profile at the boundary layer edge shows
T ~T
ª
 1.4 in all of the cases. The value of T ~T
ª
max throughout the boundary
layer, however, increases both with increased pressure gradient, Mach number and
temperature ratio.
At a given value of x~R, the flow has been deflected through the same angle
for each of the pressure gradients. The constant, linear, adverse pressure gradients
under consideration in this study were created using inviscid Prandtl-Meyer turning
theory (PMTT). In an inviscid flow, the reduction in Mach number from the original
would therefore be the same at any given x~R regardless of the pressure gradient.
The free stream flow, being inviscid, follows the PMTT. Although the compression
surface it sees is modified by the boundary layer, this is very thin in comparison to the
surface deflection so the modification is negligible. The boundary layer edge denotes
the interface between the viscous boundary layer and the inviscid free stream flow
and must match the flow conditions of both. The velocity at the boundary layer edge
reduces as the flow is compressed following the PMTT, so that the edge velocity at
any given x~R for the same Mach number is the same for all of the pressure gradients
as may be observed in figure 4.24(a).
Whilst the previous figures compare the velocity and temperature profiles at a given
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station for all of the pressure gradients, figures 4.29 to 4.44 show the development of
velocity and temperature profiles with increasing streamwise distance.
The fluid in the inner part of the boundary layer is relatively slower and thus it
is more affected by the increasing pressure gradient. The figures above show that the
stronger the pressure gradient, the more significant the deceleration of the near-wall
flow. Looking at the temperature profiles taken at the same stations it can be seen that
although the wall and edge values are the same for each case, as the pressure gradient
increases, so does the peak local temperature within the boundary layer.
At high Mach numbers there is a significant amount of kinetic energy within the
freestream flow. Within the viscoius boundary layer, this kinetic energy must be dis-
sipated in some fashion. There is a balance between the loss of kinetic energy, viscous
shear work and thermal conduction. The temperature rise in the boundary layer occurs
as a proportion of the kinetic energy is converted to thermal energy through viscous
dissipation. The more significant the deceleration that takes places within the bound-
ary layer, the greater the temperature rise that occurs. Heat transfer to the surface
is then driven by the wall temperature gradient. This dissipation term is essentially
constant between the pressure gradient cases for a given x~R since Ue, pe and Te are
the same. Variation in heat transfer does occur, however, due to the difference in ‘work
done’ between the flows.
It can be seen in figure 4.29 that in the x0~R   1 case there is some variation
in the boundary layer velocity profile between the start of the compression curve at
x~R   0.0 and the next station but after that there is very little variation between the
velocity profiles. This indicates that the introduction of the adverse pressure gradient
has slowed the flow in the near-wall region as expected but that it establishes an
apparent equilibrium fairly rapidly. The x0~R   2 and x0~R   3 pressure gradients
show very similar trends although in the latter case, there is somewhat more variation
between later profiles. The x0~R   4 case shows notable variation between all of the
profiles indicating that the flow has not yet established an equilibrium for itself. What
is more, in all three stronger pressure gradient cases, the profile showing the most
near-wall deceleration is at x~R   1.5 after which the profiles actually show increased
U~Ue in this region by comparison. This is most notable in the x0~R   4 case.
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At the higher Mach numbers, the velocity profiles show far less variation in the
near-wall region. Instead, the difference is most apparent towards the boundary layer
edge. Moreover the the effect of the x0~R   1 compression is not significantly less
than the effect of the x0~R   4 compression. Furthermore, the change from streamwise
station to station is far more regular than in the Mach 4 flows indicating that at higher
Mach numbers it takes longer for the boundary layer to re-establish its equilibrium.
Figures 4.37 to 4.44 show velocity and temperature profiles along the compression
curve for the three wall-freestream temperature ratios. Decreasing the wall temperature
has the effect of reducing the variation in the profiles with streamwise distance. The
near-wall region of the velocity profiles also appears to be increasingly curved as the
temperature ratio drops. In the Tw~Tª=0.25 case, the velocity profiles are extremely
similar at all streamwise stations even in the strongest pressure gradient case.
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Figure 4.29: Comparing the velocity profiles along the compression curve for the
x0~R

  1 pressure gradient at M
ª
  4, 6 and 8, Rex0   3.5  10
5 Tw~Tª   1. j 
x~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.30: Comparing the temperature profiles along the compression curve for the
x0~R

  1 pressure gradient at M
ª
  4, 6 and 8, Rex0   3.510
5 Tw~Tª   1. j  x

~R   0,
Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.31: Comparing the velocity profiles along the compression curve for the
x0~R

  2 pressure gradient at M
ª
  4, 6 and 8, Rex0   3.5  10
5 Tw~Tª   1. j 
x~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.32: Comparing the temperatures profiles along the compression curve for the
x0~R

  2 pressure gradient at M
ª
  4, 6 and 8, Rex0   3.510
5 Tw~Tª   1. j  x

~R   0,
Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.33: Comparing the velocity profiles along the compression curve for the
x0~R

  3 pressure gradient at M
ª
  4, 6 and 8, Rex0   3.5  10
5 Tw~Tª   1. j 
x~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.34: Comparing the temperature profiles along the compression curve for the
x0~R

  3 pressure gradient at M
ª
  4, 6 and 8, Rex0   3.510
5 Tw~Tª   1. j  x

~R   0,
Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.35: Comparing the velocity profiles along the compression curve for the
x0~R

  4 pressure gradient at M
ª
  4, 6 and 8, Rex0   3.5  10
5 Tw~Tª   1. j 
x~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.36: Comparing the temperature profiles along the compression curve for the
x0~R

  4 pressure gradient at M
ª
  4, 6 and 8, Rex0   3.510
5 Tw~Tª   1. j  x

~R   0,
Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.37: Comparing the velocity profiles along the compression curve for the
x0~R

  1 pressure gradient at M
ª
  4, Rex0   3.5  10
5 Tw~Tª   1, 0.5 and 0.25.
j  x~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.38: Comparing the temperature profiles along the compression curve for the
x0~R

  1 pressure gradient at M
ª
  4, Rex0   3.5  10
5 Tw~Tª   1, 0.5 and 0.25. j 
x~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.39: Comparing the velocity profiles along the compression curve for the
x0~R

  2 pressure gradient at M
ª
  4, Rex0   3.5  10
5 Tw~Tª   1, 0.5 and 0.25.
j  x~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.40: Comparing the temperature profiles along the compression curve for the
x0~R

  2 pressure gradient at M
ª
  4, Rex0   3.5  10
5 Tw~Tª   1, 0.5 and 0.25. j 
x~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.41: Comparing the velocity profiles along the compression curve for the
x0~R

  3 pressure gradient at M
ª
  4, Rex0   3.5  10
5 Tw~Tª   1, 0.5 and 0.25.
j  x~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.42: Comparing the temperature profiles along the compression curve for the
x0~R

  3 pressure gradient at M
ª
  4, Rex0   3.5  10
5 Tw~Tª   1, 0.5 and 0.25. j 
x~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.43: Comparing the velocity profiles along the compression curve for the
x0~R

  4 pressure gradient at M
ª
  4, Rex0   3.5  10
5 Tw~Tª   1, 0.5 and 0.25.
j  x~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.44: Comparing the temperature profiles along the compression curve for the
x0~R

  4 pressure gradient at M
ª
  4, Rex0   3.5  10
5 Tw~Tª   1, 0.5 and 0.25. j 
x~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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(a) x~R   0.0, Rex0   8.75  10
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(b) x~R   2.0, Rex0   8.75  10
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(c) x~R   0.0, Rex0   3.5  10
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5
Utot/Ue
(y/
x)R
e
x,
w0.
5
0 0.2 0.4 0.6 0.8 10
2
4
6
8
10
12
(e) x~R   0.0, Rex0   1.4  10
6
Utot/Ue
(y/
x)R
e
x,
w0.
5
0 0.2 0.4 0.6 0.8 10
2
4
6
8
10
12
(f) x~R   2.0, Rex0   1.4  10
6
Figure 4.45: Comparing the velocity profiles of each pressure gradient at the start and
end of the compression curve at x~R   0.0 and x~R   2.0. Comparing three Reynolds
numbers atM   4, Tw~Tª   1. j  x

~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5,
Z  x~R   2,   x~R   2.5
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4
T/T
∞
(y/
x)R
e
x,
w0.
5
1 1.5 20
2
4
6
8
10
12
(c) x~R   0.0, Rex0   3.5  10
5
T/T
∞
(y/
x)R
e
x,
w0.
5
1 1.5 20
2
4
6
8
10
12
(d) x~R   2.0, Rex0   3.5  10
5
T/T
∞
(y/
x)R
e
x,
w0.
5
1 1.2 1.4 1.6 1.8 2 2.20
2
4
6
8
10
12
(e) x~R   0.0, Rex0   1.4  10
6
T/T
∞
(y/
x)R
e
x,
w0.
5
1 1.2 1.4 1.6 1.8 2 2.20
2
4
6
8
10
12
(f) x~R   2.0, Rex0   1.4  10
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Figure 4.46: Comparing the temperature profiles of each pressure gradient at the start
and end of the compression curve at x~R   0.0 and x~R   2.0. Comparing three
Reynolds numbers at M   4, Tw~Tª   1. j  x

~R   0, Q  x~R   0.5, P  x~R   1, n 
x~R   1.5, Z  x~R   2,   x~R   2.5
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(b) x~R   2.0, M
ª
  4
Utot/Ue
(y/
x)R
e
x,
w0.
5
0 0.2 0.4 0.6 0.8 10
2
4
6
8
10
12
14
(c) x~R   0.0, M
ª
  6
Utot/Ue
(y/
x)R
e
x,
w0.
5
0 0.2 0.4 0.6 0.8 10
2
4
6
8
10
12
14
(d) x~R   2.0, M
ª
  6
Utot/Ue
(y/
x)R
e
x,
w0.
5
0 0.2 0.4 0.6 0.8 10
2
4
6
8
10
12
14
16
(e) x~R   0.0, M
ª
  8
Utot/Ue
(y/
x)R
e
x,
w0.
5
0 0.2 0.4 0.6 0.8 10
2
4
6
8
10
12
14
16
(f) x~R   2.0, M
ª
  8
Figure 4.47: Comparing the velocity profiles of each pressure gradient at the start and
end of the compression curve at x~R   0.0 and x~R   2.0. Comparing three Mach
numbers at Rex0   3.5  10
5, TR   1. j  x~R   0, Q  x~R   0.5, P  x~R   1, n 
x~R   1.5, Z  x~R   2,   x~R   2.5
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(a) x~R   0.0, M
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Figure 4.48: Comparing the temperature profiles of each pressure gradient at the start
and end of the compression curve at x~R   0.0 and x~R   2.0. Comparing three Mach
numbers at Rex0   3.5  10
5, TR   1. j  x~R   0, Q  x~R   0.5, P  x~R   1, n 
x~R   1.5, Z  x~R   2,   x~R   2.5
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(a) x~R   0.0, Tw~Tª   1
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(b) x~R   2.0, Tw~Tª   1
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(d) x~R   2.0, Tw~Tª   0.5
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Figure 4.49: Comparing the velocity profiles of each pressure gradient at the start
and end of the compression curve at x~R   0.0 and x~R   2.0. Comparing three
temperature ratios at Rex0   3.5  10
5, M
ª
  4. j  x~R   0, Q  x~R   0.5, P 
x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.50: Comparing the velocity profiles of each pressure gradient at the start
and end of the compression curve at x~R   0.0 and x~R   2.0. Comparing three
temperature ratios at Rex0   3.5  10
5, M
ª
  4. j  x~R   0, Q  x~R   0.5, P 
x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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4.3.4.4 Cf, CH and the Reynolds analogy
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Figure 4.51: Reynolds Analogy Factor for various flow conditions at four pressure
gradients. Q  x0~R

  1, P  x0~R

  2, n  x0~R

  3, Z  x0~R

  4,   x0~R

  5
Cohen and Reshotko applied the Reynolds Analogy to pressure gradient flows, both
favourable and adverse. As is shown in figure 4.51, they found that as adverse pressure
gradient increases, the Reynolds analogy factor decreased towards zero (which marks
separation). This indicates that the fractional change in skin friction and heat transfer
in no longer the same. This is clear from figure 4.53 which shows that the Cf drops
far further and for longer than CH .
In section 4.3.3 it was observed that in the zero pressure gradient flow case, both
the non-dimensional skin friction and heat transfer coefficients decrease monotonically
with streamwise distance. Since this reduction is driven by the growth in the boundary
layer thickness, it is logical that the effect that the introduction of an adverse pressure
gradient has on δ will communicate itself to the wall Cf and CH as well.
Figure 4.53 shows the wall shear stress and heat transfer for each of the four adverse
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pressure gradients at a range of flow conditions. The parameters are normalised against
the relevant values at the start of the compression curve. In all of the cases, the
introduction of the pressure gradient leads to a marked drop in shear stress and a
noticable, if not significant, drop in heat transfer. In the cases studied, τw and q˙w do
not continue to drop. Instead, they reach a minimum and then climb again. The depth
and streamwise location of these minima vary between the the cases. Looking at the
shear stress in 4.53(a), 4.53(c), 4.52(c) and 4.52(e): although the x~R distance to the
minima increases with the pressure gradient, this actually translates into x decreasing.
That is to say, the milder the pressure gradient, the longer it takes for the shear stress
to drop to its lowest value before it begins to increase again. It should also be noted
that although it takes longer to reach this low point for a mild pressure gradient, the
significance of the drop is much less than in a stronger pressure gradient case.
Of particular interest is the shear stress variation in the x0~R   1 flow. The shear
stress decreases by about 20% to a minimum at about x~R   0.7. After this, however,
it remains virtually constant. In the introduction to this section it was noted that
the compression of the boundary layer in this case more-or-less balanced the natural
tendency of the boundary layer to grow. The fact that the boundary layer thickness
remains constant means that the shear stress is also unchanging. As was also noted, in
the Tw~Tª   0.25 case, the boundary layer actually begins to grow again as evidenced
by the fact that the shear stress in this case is beginning to decrease again towards the
end of the compression curve as seen in figure 4.53(e).
The heat transfer shows the same pattern as the shear stress. However the decrease
in q˙ is significantly less than the equivalent in τw, at most 7% in the x0~R   4 case
for M
ª
, Tw~Tª   1. The subsequent rise begins far sooner on the compression surface
and the rate of increase is more dramatic. This demonstrates that the heat transfer is
a more immediate issue in applications of compressing high Mach number boundary
layers such as scramjet intakes although high skin friction will lead to a high overall
drag.
Increasing Mach number and decreasing temperature ratio both have the effect of
reducing the initial drop in shear stress and heat transfer with the change in pressure
gradient and encourage the subsequent rise in both.
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Figure 4.52: Shear stress and heat transfer along the compression curve for three Mach
numbers.Q  x0~R

  1, P  x0~R

  2, n  x0~R

  3, Z  x0~R

  4
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Figure 4.53: Shear stress and heat transfer along the compression curve for three
temperature ratios.Q  x0~R

  1, P  x0~R

  2, n  x0~R

  3, Z  x0~R

  4
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4.3.4.5 Boundary layer lines
The final section of this chapter will take a look at the subsonic region of the boundary
layer. The effect of the various flow conditions on the sonic line over ZPG plate was
discussed in section 4.3.3.1. Figure 4.54 below shows the variation in sonic line height
along the compression curve for each of the pressure gradients at three Mach numbers
and three temperature ratios.
Although the fraction of the boundary layer that is subsonic appears to increase
virtually monotonically with distance (with the exception of the x0~R   4 case), the
boundary layer is also growing thinner as x~R increases. This means that the physical
height of the sonic line rises and then decreases. The maxima in this trend are in a
similar streamwise location to the point of minimum corresponding shear stress. Since
shear stress is proportional to dU~dy, there would appear to be a logical connection.
Although the Mach number at the sonic line is necessarily constant, the local ve-
locity increases with streamwise distance. However, as can be seen in figure 4.55, the
sonic line height first increases and then decreases in a manner that corresponds closely
to the variation in wall shear stress. This figure suggests that the skin friction is driven
by the subsonic mechanisms within the boundary layer since τw  ∂U~∂y at the wall
(although the entire profile does contribute to the shear stress).
When a flow is started over a surface subjected to an adverse pressure gradient, a
boundary layer will begin to form (providing that dp~dx is not sufficient for immediate
separation). Although its growth will be slower than for an equivalent flow over a ZPG
plate, a boundary layer will nonetheless occur. Similarly, when a flow changes from a
zero pressure gradient surface to an adverse pressure gradient, although the boundary
layer will initially be compressed, downstream, the diffusion mechanisms will reassert
themselves causing δ to once again increase.
Heat transfer to a surface is proportional to dT ~dy. Following the above theory,
the Tmax line height starts to decrease closer to x0 than in the skin friction analogy.
The near wall flow will be slowed more rapidly than the outer edges of the boundary
layer meaning more kinetic energy is being dissipated closer to the wall. As can be
seen from figure 4.56 however, the temperature at this Tmax line increases steadily
4.3. Parameter study 131
x’/R’
y N
/δ
0 0.5 1 1.5 2 2.50
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
(a) M   4, T ~Tw   1
--
--
-
-
--
--
--
--
--
--
--
--
--
--
--
--
--
--
- - -
- - - -
- - - - - - - - - -
x’/R’
y N
/δ
0 0.5 1 1.5 2 2.50
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
(b) M   4, T ~Tw   0.5
x’/R’
y N
/δ
0 0.5 1 1.5 2 2.50
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
(c) M   6, T ~Tw   1
x’/R’
y N
/δ
0 0.5 1 1.5 2 2.50
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
(d) M   4, T ~Tw   0.25
x’/R’
y N
/δ
0 0.5 1 1.5 2 2.50
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
(e) M   8, T ~Tw   1
Figure 4.54: Sonic line height along the compression curve comparing four pressure
gradients for each Mach number and temperature ratio. j  x~R   0, Q  x~R   0.5,
P  x~R   1, n  x~R   1.5, Z  x~R   2,   x~R   2.5
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Figure 4.55: Comparision between the sonic line height along the compression curve
with the velocity at this line and the wall shear stress.Z  τw~τw0, Q  U~Uª, n  ySL~δ0.
Where red, green and blue symbols indicate respectively a) Rex0   8.75  10
4, 3.5  105
and 1.4  106. b) M
ª
 4, 6 and 8. c) Tw~Tª=1, 0.5 and 0.25.
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Figure 4.56: Comparision between the maximum temperature height along the com-
pression curve with the temperature at this line and the wall heat transfer. Z  q˙w~q˙w0,
Q  T ~T
ª
, n  yTmax~δ0 Where red, green and blue symbols indicate respectively a)
Rex0   8.75 10
4, 3.5 105 and 1.4 106. b) M
ª
 4, 6 and 8. c) Tw~Tª=1, 0.5 and 0.25.
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with streamwise distance. The overall effect is therefore to increase CH with less of a
reduction than in the skin friction case.
4.4 Summary
 The zero pressure gradient case boundary layer flow was studied. A good match
to the theoretical Blasius solution was shown. It was found that the leading edge
pressure peak can be as much as 25% of the expected free stream static pressure
in the low Reynolds number case, and produces an effective favourable pressure
gradient that grows in significance as Rex0 decreases.
 In the fully developed zero pressure gradient or adverse pressure gradient flows,
the variation in Rex0 has little effect on the non-dimensional values of properties
such as velocity and temperature profiles and skin friction and heat transfer. The
adverse pressure gradient flow, however, unlike the flat plate flow, is affected by
the chosen value of Reynolds number.
 Increasing the free stream Mach number and decreasing both Rex0 and Tw~Tª
causes the boundary layer flow to react more slowly to changes in pressure gra-
dient.
 Dimensional analysis established that the key dimensionless parameters to de-
scribe the compression are x~R and δ0~R. These were used in the subsequent
investigation. Increasing δ0~R indicates a flow that is likely to be more resistant
to changes in pressure gradient. It appears that as x~R becomes large, the flow
tends towards that which would be produced by a a boundary layer having its
origin in a constant adverse pressure gradient.
Chapter 5
Laminar boundary layer
non-equilibrium effects
5.1 Introduction
Boundary layer flows are subjected to a combination of inertial and viscous forces. In
constant pressure gradient conditions these forces are in equilibrium. When the flow
changes from one pressure gradient to another, however, this balance is upset producing
a non-equilibrium mismatch in response time of the corresponding processes to these
changes. Their direct relation to velocity means that the inertial forces within the
boundary layer cause it to respond rapidly to changes in pressure gradient. Viscosity
is a diffusive effect and, as such, the viscous forces are slower acting in the bulk of the
boundary layer. This chapter aims to investigate the non-equilibrium effects of pressure
gradient changes. The term ‘non-equilibrium’ is often considered as high temperature
gas behaviour with reactions. In this thesis, the phrase is used to indicate the potential
imbalance of forces that occur due to the change in surface geometry.
The effect of the strength of the compression and the thickness of the incoming
boundary layer on this boundary layer and its flow properties will be discussed. It will
be shown that the more rapid the compression, the more non-equilibrium the boundary
layer becomes. Finally, this chapter seeks to find the best parameters for describing
this non-equilibrium effect, and to create aids for the design of high Mach number
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viscous compression.
5.1.1 Compression and the wall pressure response
It is generally assumed when studying boundary layers that there is no pressure gradient
normal to the wall within the boundary layer in question. The pressure at the wall
is therefore equal to the pressure at the edge of the boundary layer and is, in fact,
dictated by the pressure in the free stream flow.3 Even in a flat plate boundary layer,
streamlines are slightly curved meaning that it is not exactly true that ∂p~∂y   0
however this effect is very small and significantly less than the effect of wall curvature
which brings accompanying changes. The first step towards investigating these changes
is to study the wall pressure response to the introduction of the compression curve.
As the flows under investigation travel over the surface from the flat to concave
sections, they experience a rise in wall pressure. Figure 5.1 shows the variation in pw
in this region for both a viscous and inviscid version of the x0~R   3 pressure gradient
case. The first thing to notice is that whilst the inviscid wall pressure on the flat
plate section is the same as the free-stream pressure, in the viscous case, the flat plate
pressure is raised above the free stream value by the presence of the leading edge viscous
interaction as described in the previous chapter (section 1.3.2). Close to the start of the
compression curve, the pressure is less than 2% greater than the p
ª
, but there is still
a weak favourable pressure gradient in this region. It should be noted that the lower
the Reynolds number or the higher M
ª
, the more significant the favourable pressure
gradient. It should also be noted that the rising pressure along the compression curve
thins the boundary layer such that on the curved section the effective slope of the
boundary layer edge is becoming less that that at the wall meaning that the rise in
pressure in the viscous case is not quite as great as in the inviscid case.
The inclusion of viscous effects in the flow equations also modifies the response of
the wall pressure to geometry changes. In the inviscid case, pw~pª is unity all the
way until the start of the compression curve. At x0, the pressure suddenly begins to
increase - there is a discontinuity in the pressure gradient. In the viscous case, on the
other hand, the wall pressure begins a gradual rise at about x~R   0.1 and shows a
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Figure 5.1: Variation in pw with streamwise distance for x0~R

  3 for an inviscid and
viscous case.
smooth transition between the flat plate zero, or mildly favourable, pressure gradient
and the adverse pressure gradient on the curvature.
In fluids traveling at supersonic velocities, information is transmitted along Mach
lines. These propagate downstream, meaning that the inviscid flow has no knowledge
of the change in surface geometry prior to reaching the start of the compression curve.
As can be seen, pw cannot increase upstream of x0. For the viscous flow on the other
hand, the presence of the no-slip condition and consequent subsonic region within the
near-wall boundary layer allows pressure information to propagate upstream, even if
only a few subsonic region lengths. The flow therefore begins to experience the pressure
rise upstream of x0.
The upstream propagation of information within the subsonic region discussed
above is demonstrated in figure 5.2. Not only does pw increase upstream of x0, but
as β or x0~R increases so does the length of the region of upstream influence. Whilst
the wall pressure in the x0~R   1 case has barely risen before the change in geometry,
the x0~R   4 pressure gradient shows a significant departure from the flat plate pw as
much as two boundary layer thicknesses upstream.
As mentioned above, the inviscid flow shows a discontinuity in pressure gradient.
In this case, the change in dp~dx can be countered directly by the fluid inertial forces
as the density increases and the velocity drops. In the boundary layer, on the other
hand, the flow has both an inertial and viscous response to changes in the streamwise
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Figure 5.2: Rise in wall pressure in the region of the compression corner for the four
adverse pressure gradient flows, Rex0   3.510
5. The stronger the pressure gradient, the
further upstream the increase begins
pressure gradient; where the inviscid flow changes sharply from one pressure gradient
to another, the pressure gradient change in the viscous case is smeared throughout the
compression corner region.
This chapter discusses the relative importance of the two types of forces in the
response of the boundary layer to a change in pressure gradient and the factors affecting
this. The following sections consider the difference in pressure between the internal
and external edges of the boundary layer, the causes of this and the effect this non-
equilibrium response to geometry change has on wall properties.
5.2 Pressure lag
In a subsonic flow, viscous diffusion modifies the flow velocity. This consequently at-
tempts to ensure that the pressure at the boundary layer edge and the pressure at
the wall match. As previously mentioned, in a supersonic inviscid flow, information
is propagated along Mach lines. Within a supersonic boundary layer, pressure infor-
mation may be conveyed both by viscous action and by pressure waves. Information
propagation along Mach lines however is significantly more rapid than by the slow
diffusive process. Viscous diffusion acts on the flow velocity thereby transmitting the
value of pw through the flow to the sonic line. From there, the pressure information is
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then transported along Mach lines towards the edge of the boundary layer and the free
stream. For a flat plate flow, the combination of these processes has no effect on the
pressure at the boundary layer edge since the pw is invariant (except for the effect of
the leading edge viscous interaction). The introduction of an adverse pressure gradient,
however, highlights these two effects and will be investigated in this section.
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Figure 5.3: Variation in wall and edge pressure with streamwise distance for the x0~R

 
4, Rex0   8.75  10
4, M
ª
  4, Tw~Tª   1 case. Open symbols indicate pw and closed
symbols indicate pe. (b) Shows the pressure variation in the region of the start of the
compression curve and the demonstrates the parameters used in the investigation.
Figure 5.3(a) shows the variation in pw and pe at the start of the compression curve
in the Rex0   8.75 104, x0~R   4 case. Whilst the wall pressure begins to rise slightly
in anticipation of the compression curve, the edge pressure shows a significant delay
before the corresponding increase. At a given streamwise location, there is a pressure
difference, ∆p, between the wall and edge pressure and a streamwise distance, ∆px,
required for pe to rise to match the current value of pw. When expressed in terms
of local boundary layer thicknesses this streamwise parameter is given as λ   ∆px~δ.
These parameters are illustrated in figure 5.3(b) and will be used in the subsequent
discussion.
5.2.1 Surface - edge pressure difference: ∆p
This section first considers the wall-normal pressure difference between the wall and the
boundary layer edge. Figures 5.4, 5.5 and 5.6 show ∆p~p
ª
along the compression curve
at all of the pressure gradients comparing the three values of Rex0, Mª and Tw~Tª
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Figure 5.4: Variation in ∆p~p
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respectively. It should be noted that some of the lines show distinct oscillations. This
is due to the method that calculates the boundary layer edge. It calculates the cell in
which the criteria in equation 1.16 is satisfied. Interpolation within the cell pinpoints δ.
The routine however does not always produce smooth boundary layer edge properties
which is to say that the CFD is smoother than the interpolation.
It is immediately evident from these figures that the intersection Reynolds number
(Rex0, the Reynolds number at the intersection between the two pressure gradient
geometries) and the free-stream Mach number have significant, if opposing, effect on
the pressure gradient across the boundary layer.
Although all of the runs in figure 5.4 show the same trend of a sharp increase
in ∆p~p
ª
followed by a gentle reduction, at a given streamwise distance, ∆p in the
Rex0   8.75  104 cases is significantly higher than in the Rex0   3.5  105 case for
the same pressure gradient. Indeed, figure 5.8 shows the ratio between ∆p in the
Rex0   8.75  104 and Rex0   3.5  105, and Rex0   3.5  105 and Rex0   1.4  106 cases.
Despite the oscillations that stem from the same source as previously mentioned in
this section, it can still be seen that the ratios ∆p1~∆p2 and ∆p2~∆p3 increase initially
sharply from 1 at the start of the compression curve (upstream of which ∆p  0) and
then slow, tending towards 2.
It is perhaps unsurprising that the value of Rex0 should have such an effect on ∆p.
As stated above, a normal pressure gradient within this boundary layer only occurs
when the flow passes over the compression curve. It is therefore possible to consider the
normal pressure gradient a result of the centrifugal force created by the wall curvature.
Assuming that within the boundary layer the local velocity, U~Ue, is some function of
y~δ, an expression for dp~dy may be written as in equation 5.2. From this, an expression
for dp in terms of y~δ may be established (equation 5.4). From this it is clear to see
that at a given fraction of the boundary layer height, if the boundary layer thickness
is doubled, dp doubles. This means, therefore, that if Rex0 is reduced by a factor of
four, at a specified streamwise location, δ and subsequently ∆p must double.
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Figure 5.7: Ratio of variation of ∆p along the compression surface in the three Rex0
flows at M
ª
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Figure 5.8(a) compares the pressure difference across the boundary layer created by
all four pressure gradients for the three values of Rex0. Here ∆p has been normalised
by the local wall shear stress, τw. By some distance downstream, the pressure differ-
ence created by a given pressure gradient for all three Rex0 collapses together when
normalised in this fashion. This confirms the idea that ∆p  1~
»
Rex0. As noted
in the previous chapter, the non-dimensional skin friction coefficient, Cf , is inversely
proportional to
º
Rex. This means that reducing Rex0 by a factor of 4, by reducing
both the free stream density and pressure by the same factor, will have the effect of
doubling the dimensional shear stress. The ratio of ∆p1~∆p2 will therefore be the same
as the ratio of τw1~τw2.
It should be noted that although the lines collapse onto each other in the end,
initially, there is some disparity between them. This is an indication of the non-
equilibrium nature of the flow around x0. The change in ∆p and τw induced by the
introduction of an adverse pressure gradient is not uniform for either the different val-
ues of Rex0, or the different pressure gradients. The higher the intersection Reynolds
number, the greater the peak pressure difference and the further upstream this dif-
ference occurs. The effect of the change in pressure gradient on the wall shear stress
will be discussed in greater detail later in this chapter but for the moment it may be
observed from figure 5.33 to 5.36 that the greater Rex0, the more pronounced and rapid
the drop in τw~τ0 directly downstream of x0. By contrast, 5.8(b) shows ∆p~pª multi-
plied by
º
Rex0. Following the same argument this has a similar effect to normalisation
by τw. In this case however, the non-equilibrium response of the wall shear stress does
not need to be taken into account so the peak ∆p difference is less extreme and in a
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more uniform location for all of the pressure gradients at each intersection Reynolds
number.
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Figure 5.8: ∆p along the compression surface, normalised in different fashions to com-
pare three Rex0 for all pressure gradients. For 4 pressure gradient cases at Mª   4,
Tw~Tª   1. j  x0~R
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
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
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Green, red and blue symbols for Rex0   8.75  10
4, 3.5  105 and 1.4  1060 respectively
As previously noted, the freestream Mach number also has a substantial, albeit
opposite, effect on ∆p~pw as shown in figure 5.5. In this case ∆p Mª as shown by
∆pmax~pª in x0~R   4 being approximately 5.8 for Mª   4 case and 11 where Mª   8.
What is most striking however is the difference the Mach number makes to the shape of
the pressure difference trend along the compression curve for the three flow conditions.
As M
ª
increases, ∆pmax~pª is reached more slowly as can be seen in figures 5.5 and
5.9. Moreover the stages of ∆p evolution are much more clearly different in the M
ª
  6
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and 8 cases. In figure 5.5(c), the pressure difference rises initially seemingly linearly
with the same gradient for all x0~R cases. After this linear region, each case continues
to rise in a smooth curve before reaching a peak and dropping again. The stronger the
pressure gradient, the greater ∆pmax~pª, the further downstream it occurs, and the
more rapid the subsequent downstream drop in pressure difference. The former two
are exacerbated as freestream Mach number increases. Figure 5.9 compares all four
pressure gradients at all three Mach numbers together. Here ∆p has been additionally
normalised by M
ª
. The difference in evolution of the pressure difference means that
the lines do not neatly collapse together downstream as they do in the three Reynolds
number case, but the magnitude of ∆pmax is closely matched for a given pressure
gradient when normalised in this fashion.
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Reducing the temperature ratio, shown in figure 5.6, causes an increase in ∆p~p
ª
although the effect is far less severe than either of the former. Moreover from figure
5.10 it would seem possible to infer that the increase in ∆p caused by Tw~Tª   0.5
over a temperature ratio of 1 is conceivably twice the increase between Tw~Tª   0.5
and 0.25. That said, the difference is minor and not on the order of multiples of the
temperature ratio.
In addition to Rex0, the rapidity of compression, δ0~R also has an effect on the
pressure difference between the internal and external edges of the boundary layer.
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Figure 5.10: ∆p~p
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From the figure 5.8(a) it can be seen that, for a given Rex0, as the streamwise pressure
gradient increases (δ0~R decreasing), ∆p increases significantly (from approximately
3.2% p
ª
to 12% between the x0~R   1 and x0~R   4 Rex0   8.75104 cases). Although
∆pmax increases with β, so too does the rate of drop in ∆p after the maximum. This
suggests that with sufficient streamwise distance ∆p would converge to the same value
for all of the compression cases, perhaps to some length proportional to the local Mach
line length. In the limit, the flow would be decelerated to a subsonic velocity.
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5.2.2 Streamwise pressure lag: λ
In the introduction to this section, the parameter λ   ∆px~δ was specified in addition
to ∆p. This parameter indicates the streamwise distance required from a given location
for the pressure at the boundary layer edge to rise to match pw at this location. As
such, it is another indication of the reaction of the boundary layer to the change in
pressure gradient. Figures 5.11, 5.12 and 5.13 show the variation in λ with distance
along the compression curve. These show the four pressure gradients together for the
three values of Rex0, Mª and Tw~Tª respectively.
From figure 5.11(a) it can be seen that λ as a dimensionless parameter is minimally
affected by the value of Rex0 prescribed to the flow. However, since λ is given in
terms of x~δ, as Rex0 drops, the physical distance taken to match pe to pw at a set
location increases. This is due to the mechanisms for transfer of information within
the boundary layer. This will be discussed in the following subsection.
Figure 5.11(a) only shows λ from x~R   0 which is to say, the start of the com-
pression curve. Figure 5.11(b) also shows the upstream effect of the pressure gradient
change. The pressure rise caused by the compression curve is transmitted to the outer
edge of the boundary layer through more than one method. These different processes
(centrifugal forces on streamlines, viscous diffusion, Mach lines) will be discussed in
later sections within this chapter.
Pressure change transmission through the action of viscosity on flow velocity has
its most demonstrable effect within the subsonic region of the boundary layer. Within
this region, information may propagate upstream meaning that the change in pressure
caused by the compression curve will cause an increase in pw upstream of the actual
change in geometry. The outer region of the boundary layer, however, is still being
informed that the pressure is unchanged. Figure 5.11(b) indicates that the more rapid
the compression and the lower the intersection Reynolds number, the more significant
the upstream creep of information. This is caused by the proportion of the boundary
layer that is subsonic and will be discussed in the next section.
Both the freestream Mach number and the wall temperature ratio have a noticeable
effect on λ. Increasing M
ª
and decreasing Tw~Tª lead to increased λ. All three figures
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Figure 5.11: Variation of λ along the compression surface in the three Rex0 flows. For
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  4. Red, green and blue symbols for M
ª
 4, 6 and 8 respectively
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Figure 5.13: Variation of λ along the compression surface in the three Tw~T
ª
flows.
For 4 pressure gradient cases. j  x0~R

  0, Q  x0~R

  1, P  x0~R

  2, n  x0~R

  3,
Z  x0~R

  4. Red, green and blue symbols for Tw~Tª  1, 0.5 and 0.25 respectively.
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show the effect of pressure gradient on λ. In all cases, the peak value shows little
variation with severity of compression. Downstream there is a similar spread in λ
between the pressure gradients in all cases. For example, there is a 17% variation in λ
at a given station between the x0~R   1 and x0~R   4 cases for the three Rex0 cases.
The greater x0~R, the lower λ. The stronger the compression, the more rapidly the
boundary layer thins indicating that λ, the streamwise distance necessary to match
pw and pe would increase when considered in terms to local boundary layer thickness.
However, as x0~R increases, the wall (and hence edge) pressure rises over a shorter
dimensional distance, x. This means that although δ is dropping, x is decreasing more
rapidly, leading to an overall reduction in λ.
5.3 Normal pressure gradient
As previously noted, in general boundary layer theory it is assumed that pressure
gradients normal to the surface may be neglected. In this section, profiles of pressure
will be studied alongside the different processes for transferring information within the
boundary layer.
5.3.1 Pressure profiles
In the previous section, the variation in ∆p with streamwise distance was observed.
Figures 5.14, 5.16 and 5.18 show ∆p this time normalised by the local wall pressure
for the three values of Rex0, Mª and Tw~Tª respectively. Figures 5.15, 5.17 and 5.19
then show the wall-normal pressure profiles that correspond to the x~R stations with
the maximum pressure difference.
In all cases, the peak in ∆p~pw occurs near to x0, in the region 0 @ x~R @ 0.5.
Increasing x0~R and Mª and reducing Rex0 moves the pressure peak further down-
stream. The temperature ratio appears to have negligible effect. Figure 5.20 shows
pressure profiles for the Rex0   3.5105 case for each of the pressure gradients at regular
intervals along the surface from x~R   0 to 2.5. For all values of x0~R, the pressure
profile at x0 has already been affected by the change in geometry downstream of this
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point. As would be expected, the profiles at stations upstream of the ∆p~pwmax
location show a point of inflection. For the inner 40 - 60% of the boundary layer, the
negative pressure gradient, dp~dy, is most significant at locations upstream of x∆pmax.
This suggests that the inner region of the boundary layer is dominated by the centrifu-
gal forces created by the concave geometry turning the streamlines, whilst the outer
region is dominated by pressure waves informing the flow that the pressure is as yet
unchanged.
For all of the cases the majority of the drop in pressure in a wall-normal direction
occurs in the outer region of the boundary layer. The pressure difference at half way
through the boundary layer becomes greater as ∆p~pwmax increases as would be
expected. For example, in the lowest Reynolds number case at x0~R   4, ∆p~pw at
the boundary layer edge is approximately 9% and at δ~2 slightly greater than 1%. In
the M
ª
  8 x0~R   4 case, ∆p~pw is 8% and 1% at the yN~δ   1 and 0.5 respectively.
Of note perhaps is that although ∆p~pwmax in the Tw~Tª   0.25 x0~R   4 case is
substantially lower at 5%, ∆p~pw at yN~δ   0.5 is larger than in the Rex0   8.75 
104 case. This suggests that reducing wall temperature ratio augments the near-wall
centrifugal effect.
5.3.2 Viscous diffusion and the sonic line
Figure 4.52 in the previous chapter showed the sonic line height variation along the
compression curve for the four pressure gradients under the various values of Rex0,
M
ª
and T ~T
ª
. On a ZPG flat surface, the sonic line asymptotes to a maximum of
approximately 18% y~δ in theM
ª
  4, Tw~Tª   1 case and a minimum of approximately
8% in the M
ª
  4, Tw~Tª   0.25 case amongst the configurations investigated. The
change to an adverse pressure gradient causes an increase in the proportion of the
boundary layer that is subsonic in all cases although to differing degrees.
Taking the M
ª
  4, Tw~Tª   1, Rex0   3.5  105 case as an example, figure 5.21(a)
illustrates the effect of the change in pressure gradient on the sonic line height. The
presence of an adverse pressure gradient causes the proportion of the boundary layer
that is subsonic to increase in magnitude. In a subsonic flow, increasing pressure
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Figure 5.14: ∆p~pw for 4 pressure gradients, Mª   4, Tw~Tª   1. j  x0~R

  0, Q 
x0~R

  1, P  x0~R

  2, n  x0~R

  3, Z  x0~R

  4
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Figure 5.15: The pressure profiles equivalent to the maximum ∆p~pw for each gradient,
M
ª
  4, Tw~Tª   1. j  x0~R

  0, Q  x0~R

  1, P  x0~R

  2, n  x0~R

  3, Z 
x0~R

  4
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Figure 5.16: ∆p~pw for 4 pressure gradients, Rex0   3.510
5, Tw~Tª   1 . j  x0~R

  0,
Q  x0~R

  1, P  x0~R

  2, n  x0~R

  3, Z  x0~R

  4
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Figure 5.17: The pressure profiles equivalent to the maximum ∆p~pw for each gradient,
Rex0   3.5 10
5, Tw~Tª   1. j  x0~R

  0, Q  x0~R

  1, P  x0~R

  2, n  x0~R

  3, Z 
x0~R

  4
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Figure 5.18: ∆p~pw for 4 pressure gradients, Rex0   3.510
5, Tw~Tª   1 . j  x0~R

  0,
Q  x0~R

  1, P  x0~R

  2, n  x0~R

  3, Z  x0~R

  4
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Figure 5.19: The pressure profiles equivalent to the maximum ∆p~pw for each gradient,
M
ª
  4, Rex0   3.5  10
5. j  x0~R

  0, Q  x0~R

  1, P  x0~R

  2, n  x0~R

  3, Z 
x0~R

  4
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Figure 5.20: Pressure profiles for each of the adverse pressure gradients taken at a
range of x~R from 0 to 2.5
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becomes less able to be compensated for by increasing density or temperature. Instead,
the boundary layer must slow and thicken. A supersonic, compressible flow on the
other hand will thin. The end result is that the proportion of the boundary layer that
is subsonic increases rapidly to as much as 35% in the x0~R   4 case under these
conditions.
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Figure 5.21: Sonic line height for the four adverse pressure gradients at Rex0   3.510
5
and the pressure difference between the surface and the sonic line
In this subsonic region, viscous diffusion changes the velocity profile in the wall nor-
mal direction which in turn modifies the flow deflection and hence pressure. Although
this is a slow process, it dominates the subsonic inner region of the boundary layer:
from figure 5.21(b) it can be seen that ∆p between the wall and the sonic line is very
slight, not much more than 0.1% in all cases. This means that the vast majority of the
pressure difference occurs between the sonic line and the outer edge of the boundary
layer suggesting that the outer region of the flow is more significantly influenced by
the transfer of information through other methods.
5.3.3 Mach lines
Figures 5.23, 5.24 and 5.25 show the Mach line feeding the point of greatest ∆p~pw for
each pressure gradient comparing the effect of three Reynolds numbers, three Mach
numbers and three temperature ratios respectively. Pressure at a particular station
along the sonic line will be transmitted outwards towards the free stream. Unlike
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straight inviscid ZPG flat plate characteristic lines, Mach lines in a viscous, rotaional
flow are curved, further increasing the streamwise distance traveled before the Mach
line encounters the boundary layer edge. In all cases, the Mach line extends at least 1.5
times the local boundary layer thickness downstream of it’s origin before reaching the
boundary layer edge. Indeed, for the M
ª
  8 flow, this streamwise distance between
the start and end of the Mach lines is approximately 2.5δ.
As previously noted, in a supersonic flow, pressure information travels along charac-
teristic lines or Mach lines (although entropy is conveyed by streamlines and density by
both of these mechanisms). While the viscous diffusion will also act to modify the flow
thereby transmitting information, the process is far slower than that of transmission
along Mach lines or streamlines.
Diffusive distance may be expressed as
xdiff 
º
νt (5.5)
Taking again theM
ª
  4, Rex0   3.5105, Tw~Tª flow again as an example, the flow
is supersonic for at most 80% of the boundary layer thickness. The time it would take
to transmit pressure information from the sonic line to the boundary layer edge could
be thought of as t  Aδ~U where Aδ is the distance the from the start to the end of the
Mach line from the sonic line to the boundary layer edge in terms of boundary layer
thicknesses. (For the at x0~R   4 case, a very basic approximation of the trajectory
as a straight line, yields A 
»
0.82  1.52  1.7.) Equation 5.5 could be written as
xdiff 
¾
ν
Aδ
aM
(5.6)
In air conditions typical to flight (and certainly within this investigation), ν is of
the order 105. The boundary layer thickness of the order 103, the speed of sound
102 and A and M 100 (since it varies, in this case, between 1 and 4). This leaves
xdiff
δ

º
105100
102100103
 102 (5.7)
This suggests that the distance that pressure transmission by diffusion can reach is
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approximately 1/100th of the boundary layer thickness in the time taken for informa-
tion to travel along a Mach line. Indeed, if diffusive processes are proportional to t1~2,
acoustic ones are proportional to t meaning that the larger the time or the longer the
distance, the more diffusion lags.
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Figure 5.22: (a) Mach lines feeding the boundary layer edge for x0~R

  1 and x0~R

  4
and (b) the pressure variation along these lines. The dots indicate the point of intersection
between the wall-normal profile and the Mach lines indicated in a.
Figure 5.22 shows the wall-normal profiles that corresponds to the location of
∆p~pwmax for the x0~R   1 and x0~R   4 pressure gradients at Mª   4, Rex0  
3.5105 and Tw~Tª   1. It also shows an example Mach line for each pressure gradient
that feeds flow data to these profiles. At higher x0~R, dp~dx is significantly increased.
At the same x~R station, pw is virtually the same between pressure gradient flows
since the local wall angle is the same. However, the change in pw between two dimen-
sional points, x1 and x2, will be significantly greater at high x0~R. The pressure at
the sonic line is negligibly different from pw at the same streamwise location. The rise
in pressure at the surface between the origin of the Mach line feeding the outer edge
of the wall normal profile and the origin of said profile will be far greater as x0~R
increases.
It should be noted that the pressure along a Mach line is not constant. Figure
5.26(a) shows the variation in local pressure for the Mach lines of the x0~R   4 flow
as used in figure 5.26(b). They have been normalised using the pw for the wall normal
profile that intersects the Mach lines in the diagram. The variation in pressure is slight
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Figure 5.23: Mach lines feeding the boundary layer edge at the point of greatest ∆p~pw
for each pressure gradient. Comparing three Reynolds numbers. Solid line: x0~R

  1,
dashed line: x0~R

  2, dot-dash line: x0~R

  3, dotted line: x0~R

  4
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Figure 5.24: Mach lines feeding the boundary layer edge at the point of greatest ∆p~pw
for each pressure gradient. Comparing three Mach numbers.Solid line: x0~R

  1, dashed
line: x0~R

  2, dot-dash line: x0~R

  3, dotted line: x0~R

  4
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Figure 5.25: Mach lines feeding the boundary layer edge at the point of greatest ∆p~pw
for each pressure gradient. Comparing three temperature ratios. Solid line: x0~R

  1,
dashed line: x0~R

  2, dot-dash line: x0~R

  3, dotted line: x0~R

  4
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and moreover is increasing thereby aiding in the pressure rise.
Figure 5.26 on the other hand shows several calculated Mach lines that feed flow
data to this profile. It shows the way in which the outer edge of the boundary layer is
being fed information from significantly further upstream, as much as 1.5 δ from figure
5.23.
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Figure 5.26: Trace of wall-normal profile with greatest ∆p~pw for Mª   4, Rex0  
3.5  105, Tw~Tª   1, x0~R

  4 and the Mach lines that feed to this. Also the pressure
variation along these lines. Red line indicates wall-normal, dashed lines denote Mach
lines.
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5.3.4 Centrifugal effects
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Figure 5.27: Variation in normal pressure gradient through the boundary layer for three
Mach numbers (Re, green and blue indicates M
ª
  4, 6 and 8 respectively). Solid lines
indicate pressure gradient obtained by differentiation of the CFD calculated pressure
along the wall normal. Symbols indicate the pressure gradient calculated using the
centrifugal forces in equation 5.4
The concave nature of the compression curve radiates a pressure field out from
the wall causing the streamlines to turn. This induces a centrifugal force towards
the surface and a corresponding normal pressure gradient towards the centre of the
curvature. In section 5.2.1, the equations for this inertia-induced pressure gradient was
given as
dp
dn
  
ρU2
R
Figure 5.27 shows the variation in dp~dy through the boundary layer for the wall-
normal profile corresponding to ∆p~pwmax for x0~R   4 at three freestream Mach
numbers. In this diagram, the normal pressure gradient has been calculated both using
the density and velocity along this profile, and by differentiating the pressure along the
profile. Within the first approximately 30% of the boundary layer, both lines match
very well. Outside of this region, the match becomes far less accurate. At the outer
edge of the boundary layer in figure 5.27, the line of dp~dyN deduced from the CFD
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waver significantly: the increasing cell size towards the outer edge of the boundary
layer somewhat distorts the calculation of transverse pressure gradient in this region.
Moreover, the radius of curvature of streamlines at a given height as that at the wall
for the same x~R.
Figure 5.28 shows the CFD pressure profiles as well as the profiles derived by
integrating the result of the centrifugal equation for the three Reynolds numbers and
the three freestream Mach numbers at the x0~R   4 pressure gradient. Again, in the
near-wall region these match extremely well further out, the centrifugal forces over
predict the drop in pressure along the wall normal. Increasing Mach number seems to
exacerbate this trend.
5.3.5 Combined effect
The reality is that all of these processes have an effect on the boundary layer and
contribute to the pressure variation experienced through its thickness. Figure 5.26(a)
shows the intersection between Mach lines and the wall-normal profile with the greatest
∆p~pw. The pressure in each of the Mach lines at these points was recorded. Figure
5.29 shows the CFD pressure profiles, the pressure calculated from the inertial pressure
gradient and the Mach lines at their point of intersection and the average of these two
information source for two example flows: Rex0   8.75  104, Mª   4, Tw~Tª   1,
x0~R   4 and Rex0   3.5  105, Mª   4, Tw~Tª   1, x0~R   3. These average values
are closer to the CFD-generated line suggesting that both of these processes certainly
have an effect on the boundary layer. That said, it should be noted that in all this
discussion, it is a matter of a few percent of a few percent that are under investigation
meaning that the significance of any particular effect may be debatable.
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Figure 5.28: Comparing CFD pressure profile to integrated centrifugal pressure gra-
dient. For (a) three Reynolds numbers, green, red and blue indicate Rex0   8.75  10
4,
3.5  105 and 1.4  1060 respectively (b) three Mach numbers, red, green and blue indi-
cate M
ª
  4, 6 and 8 respectively. Solid line denotes CFD pressure profile, symbols for
integrated centrifugal result.
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Figure 5.29: Comparing the combined effect of the pressure gradient created by the
centrifugal force and Mach lines to the CFD. Solid line: CFD, j  integrated ρU2~R,
Q  Mach lines, Z  average
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5.4 Wall properties: Cf and CH
The global effect of Rex0 and the severity of the compression were discussed in the
previous chapter. In this section, the initial response of the shear stress and the heat
transfer to the change in pressure gradient will be explored.
In the previous chapter, arguments were made for a link between the sonic line
height and the variation in local shear stress, and the line of maximum temperature
and the variation in heat transfer. The point of minimum τw~τw0 is in a similar location
to ySL~δ0 maximum. Moreover, the percentage increase in the latter is similar to the
percentage decrease in the former.
When the change in pressure gradient occurs, the flow closest to the wall is the
soonest affected. The velocity profiles in figures 5.30, 5.31 and 5.32 are shown for both
the inner and the outer 25% of the boundary layer. At 0.75 δ, there is a variation of a
few percent at maximum from the ZPG case for the local velocities. The greater x0~R,
the greater the local velocity reduction. However, even for the x0~R   4 case, there is
a difference of only approximately 3%. In the inner layer, this local velocity reduction
is as much as 40% at 0.2 δ.
Figures 5.33 to 5.40 show the variation in shear stress and heat transfer along the
compression surface. Each figure is for a given pressure gradient and compares the
three values of Rex0, Mª and Tw~Tª. As has been previously observed, changing the
intersection Reynolds number has little effect on the shear stress and heat transfer
when it encounters a change in pressure gradient. The only real change is in the region
just downstream of x0. The higher Rex0, the more rapidly both τw~τ0 and q˙w~q˙0 drop,
the minima are slightly lower and they subsequently increase slightly more rapidly. M
ª
and temperature ratio have a more significant effect with increasing Mach number and
decreasing Tw~Tª both causing a reduction in the drop in both wall properties after
x0 and a more pronounced rise further downstream. Moreover, increasing pressure
gradient exacerbates the difference in reaction between the three comparison conditions
for both Mach number and temperature ratio. The variation in shear stress and heat
transfer between the two higher Mach numbers and the two lower temperature ratios
is much smaller than the difference from M
ª
  4 to M
ª
  6 and Tw~Tª   1 and
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Figure 5.30: Showing velocity profiles from the inner and outer 25% of the boundary
layer comparing pressure gradients at M
ª
  4, Tw~Tª   1 for three Rex0. Solid line:
x0~R

  0, Q  x0~R

  1, P  x0~R

  2, n  x0~R

  3, Z  x0~R
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Figure 5.31: Showing velocity profiles from the inner and outer 25% of the boundary
layer comparing pressure gradients at Rex0   3.5  10
5, Tw~Tª   1 for three Mª. Solid
line: x0~R

  0, Q  x0~R

  1, P  x0~R

  2, n  x0~R

  3, Z  x0~R
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Figure 5.32: Showing velocity profiles from the inner and outer 25% of the boundary
layer comparing pressure gradients at Rex0   3.5  10
5, M
ª
  4 for three Tw~Tª. Solid
line: x0~R

  0, Q  x0~R

  1, P  x0~R

  2, n  x0~R

  3, Z  x0~R
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Tw~Tª   0.5. The increase in reaction of wall parameters to a change in pressure
gradient does not appear to be linearly proportional to the increase in Mach number
or decrease in wall temperature ratio. In fact, although downstream shear stress rise
is greater at higher M
ª
, heat transfer rises more rapidly for the M
ª
  6 flows than
at M
ª
  8 for all pressure gradients. Towards the end of the compression curve this
appears to be reversing.
The current investigations have been for changes from a zero pressure gradient to
a single linear compression curve. Although the change from one pressure gradient to
another causes an overall rise in wall properties, the initial reduction is of potential
interest in designing compression ramps. A progressive series of pressure gradient
changes might be used to create a compression curve that keeps reducing shear stress
and heat transfer. The difficulty will be in avoiding separation. It would perhaps
be preferrable to position the subsequent change in pressure gradient geometry after
shear stress has reached its minimum and begun to increase again. Since the minimum
in heat transfer occurs further upstream than the minimum in shear stress it will
not be possible to control both wall properties to the same degree with a single flow
geometry but it should be possible to reduce the overall increase of both. At each
subsequent change in geometry, the flow may well be less tolerant to the pressure
gradient change as the boundary layer is already thinning. When considering, for
example, a scramjet compression ramp, the art would be in selecting pressure gradient
changes that will contribute reduced wall properties at higher Mach numbers without
provoking separation at lower ones. In the M
ª
  6 and 8 cases, the lower x0~R, the
greater the initial drop in q˙w~q˙0. This suggests that a progression of weak adverse
pressure gradients may be most useful in optimising a compression ramp. This would
potentially contribute most to a decrease in heat transfer with lower downstream rise
and be more likely to avoid separation at lower Mach numbers. Extensive additional
research would be required to investigate this possibilty.
As stated is chapter 2, Cohen and Reshotko suggested that increasing the adversity
of the pressure gradient will increase the Reynolds Analogy factor. This fits with
the presented results. Increasing the pressure gradient reduces the thickness of the
boundary layer dramatically. At the same time, the subsonic portion of the boundary
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Figure 5.33: Variation in shear stress along the compression curve for x0~R
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Figure 5.34: Variation in shear stress along the compression curve for x0~R
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Figure 5.35: Variation in shear stress along the compression curve for x0~R
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Figure 5.36: Variation in shear stress along the compression curve for x0~R
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Figure 5.37: Variation in heat transfer along the compression curve for x0~R
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Figure 5.38: Variation in heat transfer along the compression curve for x0~R
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Figure 5.39: Variation in heat transfer along the compression curve for x0~R

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5.4. Wall properties: Cf and CH 184
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Figure 5.40: Variation in heat transfer along the compression curve for x0~R
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layer increases significantly therefore the distance in which the flow has to slow down in
reduced. In this case, the viscous dissipation must increase remarkably causing great
increases in peak temperature within the boundary layer and therefore the potential
for heat transfer to the surface.
The temperature profiles in the previous chapter showed that the peak temperature
does indeed increase with streamwise distance. Although the line of maximum tem-
perature rises as a proportion of the local boundary layer thickness, when compared to
the conditions at x0, the rapid decrease in boundary layer height means that yTM~δ0
peaks close to the start of the compression curve, in the same region as the minimum
in local heat transfer.
5.5 Separation
When subjected to too severe an adverse pressure gradient, the boundary layer will
separate from the compression surface. Significant work has been carried out into
shock-induced separation in high Mach number flows including a substantial body of
work carried out in the gun tunnel at Imperial College. This section serves to discuss
the separation encountered on curved surfaces during this study.
5.5.1 Evolution of separation
Figures 5.41 and 5.42 show the evolution of separation with time in a x0~R   5 flow at
M
ª
  4, Rex0   3.5105 and Tw~Tª   1. Taking t   xmax~Uª, the time it takes for flow
travelling at the freestream velocity to fully traverse the geometry, the figures run from
t~t   3.8 to 14.6 where t~t   14.6 is steady-state.. The figures show contours of density
and streamlines in the near-wall region. In figure 5.41(a) (t~t   3.8), a small region
of recirculation appears at approximately x~x0   1.16. This is a short distance up the
compression curve, downstream of the intersection between the two pressure gradient
geometries. In subsequent images, the recirculation region spreads in both downstream
and upstream directions until it finally stretches approximately 0.9 @ x0 @ 1.4 (figure
5.42(c)).
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As has been frequently commented on, local conditions have little ability to have an
impact on the flow upstream in a supersonic flow. In a paper on upstream influences,
Lighthill64 reports the findings of Oswatitsch andWieghardt with regards to separation.
They observed that the presence of a recirculation region causes the local boundary
layer to effectively thicken, exacerbating the adverse pressure gradient that provoked
the separation in the first place. Through this mechanism, the region of separation
may creep upstream.
Figures earlier in both chapter 4 and 5 show that the change in pressure gradient
from a ZPG to an adverse pressure gradient causes the skin friction coefficient to
drop locally. As discussed in chapter 2, incipient separation is the point at which the
boundary layer is just on the point of separation, where µdU~dyw   0 in a 2D flow. In
that chapter, theoretical equations for an angle of incipient separation for hypersonic
wedge flows were given. It does not appear to be possible to find a pressure gradient
for incipient separation in a constant linear adverse pressure gradient generated by a
curved surface. Figure 5.43 shows the shear stress at the start of the compression curve
for all of the cases investigated. τ0 drops slowly as x0~R increases in the figure for
all flow conditions indicating that as pressure gradient increases, so does the upstream
effect.
It may be speculated that the absence of a single point to ‘anchor’ the separation
prevents incipient separation in these cases. As described above, separation initially
appears part way up the compression curve and then spreads back down the slope to
form a bubble either side of x0. It is possible that in a wedge flow, the clear corner
effectively anchors the separation in place making it possible to fine tune the change
in geometry to approach an exact angle for incipient separation.
In general, it was observed that decreasing Rex0 and increasingMª led to separation
occurring at a higher pressure gradient. In both cases this was presumably due to
the initial ZPG boundary layer being thicker resulting in a greater tolerance for the
thinning caused by the change in pressure gradient. An adiabatic wall caused the flow
to separate even in the weakest pressure gradient condition, x0~R   1. Although an
adiabatic flow has an even thicker boundary layer has an even thicker boundary layer, it
also has a far thicker subsonic region than the isothermal cases investigated. It has been
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Figure 5.41: Evolution of the region of separated flow from first appearance (t~t   3.8
to 4.7)
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Figure 5.42: Evolution of the region of separated flow, continued (t~t   4.8 to 14.6)
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shown that the change in pressure gradient causes an increase in the proportion of the
boundary layer that is subsonic and moreover that the stronger the pressure gradient,
the greater this growth. This suggests that while a thicker boundary layer allows for
greater reaction to compression, if too much of the boundary layer is decelerated to
rapidly separation is a risk.
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Figure 5.43: Wall shear stress at the start of the compression curve for the different
geometries. j  Rex0   8.75  10
4, n  Rex0   3.5  10
5, Z  Rex0   1.4  10
6. Red,
green and blue symbols for M
ª
 4, 6 and 8 respectively. Q shows values for flows at
Rex0   3.510
5,M   4 and R~x0   1, 0.5, 0.333 and 0.25. Filled symbols shows hysteresis
values for flows at x0~R

  5 restarted over geometries at lower pressure gradients. - shows
restarted values at increasing M
ª
.
5.5.2 Separation hysteresis
Since the pressure gradient for exact incipient separation has proven elusive, the pos-
sible presence of a hysteresis effect for returning to fully attached flow was suggested.
Separation hysteresis is common at all flow speeds and is well documented in for exam-
ple low speed stalling of aerofoils. Figure 5.44 shows the minimum shear stress for each
5.5. Separation 190
pressure gradient and flow combination investigated in the search for incipient separa-
tion. As can be seen, the minimum shear stress dropped closer to zero as the pressure
gradient increased but then suddenly switched to a separated flow with only a very
minor increase in compression curve. To investigate this possibility, fully converged,
separated flows as in figure 5.42(c) were restarted under various different conditions as
detailed below.
A separated flow was restarted on geometries for which, when started from uniform
initial conditions, the flow remained attached. It was discovered that the separated
flow did not disappear until the pressure gradient was dropped below values for which
flows started at this x0~R remain attached. There is therefore a hysteresis between the
separation/reattachment pressure gradient when approached, as it were, from above or
from below.
Figure 5.45 shows the effect of increasing the intake Mach number on the separation
region. Starting from the fully converged separated case at x0~R   5, Mª   4, Rex0  
3.5105 as shown in figure 5.42(c), the inflow conditions were changed incrementally by
∆~100 every 100 timesteps until a new freestream Mach number, M
ª
  6, was achieved
and then held steady until the flow reconverged. The figure shows the separation bubble
being pushed back up the compression curve.
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Figure 5.44: Minimum wall shear stress along the compression curve for the different
geometries. j  Rex0   8.75  10
4, n  Rex0   3.5  10
5, Z  Rex0   1.4  10
6. Red,
green and blue symbols for M
ª
 4, 6 and 8 respectively. Q shows values for flows at
Rex0   3.510
5,M   4 and R~x0   1, 0.5, 0.333 and 0.25. Filled symbols shows hysteresis
values for flows at x0~R

  5 restarted over geometries at lower pressure gradients. - shows
restarted values at increasing M
ª
.
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Figure 5.45: Evolution in separation from a fully converged separation, x0~R

  5 as
inflow Mach number increases from M
ª
  4 to M
ª
  6 (t~t   1.02 to 2.1)
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5.6 Summary
 The transverse pressure difference between pw and pe along a given wall-normal
profile is proportional to x0~R, Mª and 1~Rex0.
 The streamwise distance from a given station required for pe to rise to match pw
at that point (λ) is the same outside of the interaction region around x0 for a
given pressure gradient, regardless of Rex0. The stronger x0~R, the lower λ. This
streamwise distance, λ, is the same length as the streamwise distance a Mach line
from the same station will cover between the sonic line and the boundary layer
edge. λ can therefore be thought of as the Mach line lag.
 The transverse pressure difference, ∆p is created by a combination of Mach line
lag, λ, and centrifugal effects. Viscosity attempts to reduce the normal pressure
gradient.
 There is a hysteresis effect in reattaching a separated boundary layer on these
geometries. The constant curvature means there is no single point to trigger
separation and no possibility of finding the incipient separation pressure.
Chapter 6
Turbulent boundary layer
compression
6.1 Introduction
Outside of carefully controlled experiments, most real-world flows rapidly become tur-
bulent. As such, an extension of the current investigation to encompass turbulent
boundary layer flows is only logical.
The significant differences between the structures of laminar and turbulent flows
are likely to cause the response of the latter to changes in pressure gradient to vary
from those observed in the previous chapters.
This chapter begins with a comparison between essential computational results from
this study and published theoretical and experimental results. From there, as with the
laminar cases, the effect of both Reynolds number and pressure gradient on turbulent
boundary layer properties will be discussed followed by the effect of changes in pressure
gradient and an attempt to identify any possible non-equilibrium effects in turbulent
flow.
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6.1.1 A note on the Baldwin-Lomax model
A full justification for using the Baldwin-Lomax model in these turbulent computations
is given in chapter 3. The Baldwin-Lomax model is an algebraic model that calculates
eddy-viscosity based purely on the local flow field and as such has no history effect in
these terms although history is incorporated into the inertial terms. None-the-less it
is a popular choice for simple flows and has proven to provide results as good as more
sophisticated models in more complex cases as well. Moreover it is simple to implement
and relatively computationally inexpensive.
6.1.2 Transition Modelling
In an experiment it is possible to develop a boundary layer as turbulent from the
leading edge of the surface through the presence of trips. In these computational cases
as with a flow without artifical trips there is an initial laminar region followed by a zone
of transition where turbulence is gradually introduced before achieving full turbulent
conditions.
Transition from laminar to turbulent flow is modeled using the concept of an in-
termittency factor as defined by Dhawan and Narasimha30 and shown in equation 6.1
where A is a constant equal to 0.412
γ   1  eAξ
2
(6.1)
ξ  
x  xtr
λ
(6.2)
λ   xγ 0.75  xγ 0.25 (6.3)
Under the Baldwin-Lomax model (justification for use of this model is given in chapter
3), from xtr onwards the turbulent model equations are applied to the flow. However,
in the transition region these are modified where the eddy viscosity is multiplied by the
local intermittency value. As can be seen in figure 6.1, this means that from 40% of
the initial flat plate region turbulence is gradually introduced until by approximately
72% the boundary layer is fully turbulent. xtr was chosen such that Rextr would
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be great enough to realistically cause transition in a high Mach number flow and that
additionally transition would be finished well before the start of the compression curve.
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Figure 6.1: Turbulence intermittency factor used in computational models where x0 is
the start of the compression curve. Based on the formula by Narasimha and Dhawan30
The effect of this can be seen in figure 6.2 showing both laminar (solid line) and
turbulent (symbols) CFD results for Cf on a flat plate at Rex0   1.4  106. Both sets
of results match for the region upstream of introduction of the intermittency factor
and turbulence. The value of skin friction between fully laminar and fully turbulent
flow lies somewhere between the two cases moving closer to the turbulent value as γ
increases.
In these computations, the values for the location of the start and end of transi-
tion have been kept constant across the three values of Rex0 (see table 6.1). While
this is artifical, natural transition at high Mach numbers is not an easily predictable
phenomenon. With transition set at the same location in this fashion, all of the compu-
tations have the same length of laminar, transition and turbulent flow before encoun-
tering the change in pressure gradient making comparisions between the cases more
accurate and straightforward.
6.1.3 Computational setup
In hypersonic flows, the transition region may become extremely extended with the
critical Reynolds number for transition much greater than at lower speeds.2 A range of
three flow conditions has been chosen for the turbulent investigation as shown in table
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Figure 6.2: Cf vs x

~x0 for laminar and turbulent CFD on a ZPG flat plate at Rex0  
1.4  106 showing the effect of transition
6.1. For the turbulent cases, the freestream Mach number, temperature ratio and the
Prandtl number have been kept the same (M
ª
  4, Tw~Tª   1, Pr   0.72).
The same compression geometries have been used in the turbulent cases as the
laminar ones for the M
ª
  4. Since the Mach number is the identical, the Prandtl-
Meyer turning theory produces the same overall pressure ratio. However, the presence
of the transition region and susequent turbulent growth mean that β and δ0~R differ
from the laminar cases with the same geometry. Pressure gradients are again expressed
in terms of x0~R since these are consistent for a given pressure gradient between free
stream conditions.
6.1.4 Effective turbulent boundary layer leading edge
As mentioned above, in these cases the boundary layer is not turbulent from the start
of the plate. As such, the boundary layer already has a certain thickness by the time
it becomes fully turbulent. At times it may be desirable to consider effective length
of the surface as if the boundary layer had developed as turbulent from the start.
O’Donnell74 provides an equation for calculating the effective value of θ upstream of
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Pr M Tw~Tª Rex0 Rextr x0~R β δ0~R
0.72 4 1
1.4  106 5.6  105 0.0 0.0 0.0000
5.6  106 2.24  106
0.0 0.0 0.0000
1.0 0.4 0.0098
2.0 0.8 0.0196
3.0 1.2 0.0294
4.0 1.6 0.0392
2.25  107 9  106
0.0 0.0 0.0000
1.0 0.4 0.0075
2.0 0.8 0.0151
3.0 1.2 0.0226
4.0 1.5 0.0301
9  107 3.6  107
0.0 0.0 0.0000
1.0 0.4 0.0059
2.0 0.7 0.0118
3.0 1.1 0.0177
4.0 1.5 0.0237
Table 6.1: Turbulent computational parameters, Mach 4. The table lists the parameters
δ0~R
, β and x0~R
 which indicates the susceptibility of the boundary layer to compression
for the various pressure gradient and Reynolds number combinations under investigation.
Explanation for the variation in transition Reynolds number between the cases is given
in the previous section
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the end of transition in order to approximate the effective turbulent leading edge
θ  
Nx  l
R0.2xl
(6.4)
Using an iterative process, a value of l (distance from the actual plate leading edge)
and N can be found that will map θ produced by the equation to the CFD result
downstream of transition as shown in figure 6.3. The values derived for the cases in
this investigation are listed in table 6.2.
As such, the lower the value of Rex0 the further upstream from the point of tran-
sition the effective leading edge is. In these cases, between the Rex0   1.4  106 and
Rex0   9  107 cases, the effective leading edge varies from approximately 30% of the
flat plate section to 50% respectively.
Rex0 N l~x0
1.4  106 0.0251 0.3060
5.6  106 0.0257 0.3896
2.25  107 0.0270 0.4426
9  107 0.0293 0.4800
Table 6.2: Effective turbulent leading edge position and calculation parameters based
on equation 6.4 from O’Donnell74
6.1.5 Verifying the code
Laminar boundary layer theory produces exact analytical solutions; provided the mesh
and computation are converged, laminar boundary layer CFD results are true replicas
of real-world flows. Turbulence modelling on the other hand is approximate. Exten-
sive comparison to experimental results has, over time, improved turbulence models.
When using a turbulence code it is important to demonstrate a degree of confidence
in the code by comparison to experiment or accepted theory. When using the code to
model a geometry or conditions for which theory or experiment does not exist, then
the code should initially be used to replicate expected results for those that do. In
this case, before investigation the effect of changes in pressure gradient on turbulent
boundary layers, a comparison of computational results to simple flat plate flows will
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Figure 6.3: Reθ from the CFD and calculated from equation 6.4 showing the theoretical
turbulent boundary layer leading edge. j  Rex0   1.4  10
6, Q  Rex0   5.6  10
6, n 
Rex0   2.25  10
7, Z  Rex0   9  10
7. Solid lines: theory
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be undertaken.
6.1.5.1 Correlation with experiment
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Figure 6.4: Velocity profile showing comparision between experimental results from
Hopkins and CFD. Z  CFD at M
ª
  6,   experimental results at M
ª
  6.05. Both at
Tw~Taw   0.30, Reθ   9410. Error bars show 20% variation in Utot~Ue from the CFD
Section 3.2 in chapter 3 showed multiple figures comparing CFD and experimental
results for the Bladwin-Lomax model in work carried out by Williams in the Imperial
College gun tunnel. These showed that this model provides a adequate match to the
experimental data.
Figure 6.4 demonstrate results run under this investigation. It shows experimental
data taken from the report by Hopkins et al.44 for an experiment at Me   6.05,
Reθ   9410 and Tw~Taw   0.30. The CFD profile is taken from a station with the
appropriate value of Reθ, well downstream of the end of transition, from a run with a
freestream Mach number of 6 and the same temperature ratio. The experimental profile
is fuller in the near-wall region than the CFD but there is a very close correlation in the
outer 60% of the boundary layer. In the inner 40%, the match is less close. However,
the figure shows 20% error bars on the CFD. All of the experimental results fall within
these bars.
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As noted in chapter 2, experimental results for mean turbulent flow values at hy-
personic speeds are limited. Moreover, as Roy and Blottner83 assess, each theory that
has been developed over the course of hypersonic turbulent studies has been calibrated
to the results of the author. There is therefore always a degree of inaccuracy when
comparing results both computational and experimental to the theory. As such, a
match to within 20% may be deemed a success.
6.1.5.2 Correlation with theory
The log law and the law of the wall are well established for incompressible turbulent
boundary layers. Several bodies of work have investigated extending this theory to
compressible flows either by modifying the equations to fit compressible results or by
creating conversion factors to translate results to equivalent incompressible output.
Huang et al.48 provide equations for theoretical compressible velocity profiles as shown
below:
dUc,b
dy
 
2
 1  4l2  1
(6.5)
where
l   κy1  ey

~A
 (6.6)
with A   25.53 and κ   0.41.
Figure 6.5 shows four velocity profiles from the four ZPG Reynolds number flows
and compares them to the theory of Huang et al in the red line. From this figure it is
clear that the theory and the CFD match very well for up to at least y   102. Once
the linear log region has been attained in the theory of Huang et al., the theoretical
line remains straight as y continues to increase. In reality (and in the CFD), there is
a wake region towards the outer edge of the boundary layer where U lifts above the
log theory value. White101 applies a wake function modification to the theory to take
this into account as shown in the equations below and in the blue lines in figure 6.5.
Uc  
Uc
uτ
  Uc,b 
Π
κ
w 
y
δ
 (6.7)
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Figure 6.5: Velocity profiles from four flat plate flows at four Reynolds numbers. j 
Rex0   1.4  10
6, Q  Rex0   5.6  10
6, n  Rex0   2.25  10
7, Z  Rex0   9  10
7. Red
line shows the theoretical profile of Huang et al, blue lines show these profiles with the
inclusion of the White wake function.
where
w   3
y
δ

2
 2
y
δ

3
(6.8)
and Π  0.55  0.05.
Figure 6.6 shows individual comparisions between CFD and theory for each Rex0.
This allows the application of error bars (again at 20%) which shows that the theory
lies within these bars throughout the entire boundary layer. It should be noted that
in terms of y, the inner region is the same regardless of Reynolds number. The wake
however begins at greater y as Reynolds number increases leading to a longer log
region.
The CFD and the theory show a match to within 10% error up to y  600 after
which point it diverges further, even with the application of the wake function. The
match is, however, within 20% error for the entire boundary layer thickness.
Various authors21, 28, 100 have looked at extending the Crocco relation, U~Ue   H 
Hw~HeHw, between the velocity and enthalpy or temperature profiles to turbulent
6.1. Introduction 204
y+
U
+
10-1 100 101 102 103 1040
5
10
15
20
25
30
35
40
(a) Rex0   1.4  10
6
y+
U
+
10-1 100 101 102 103 1040
5
10
15
20
25
30
35
40
(b) Rex0   5.6  10
6
y+
U
+
10-1 100 101 102 103 1040
5
10
15
20
25
30
35
40
(c) Rex0   2.25  10
7
y+
U
+
10-1 100 101 102 103 1040
5
10
15
20
25
30
35
40
(d) Rex0   9  10
7
Figure 6.6: Velocity profile, zero pressure gradient, Rex0   5600310. Comparison of
computations (symbols) to theory (red lines show the theoretical profile of Huang et al.,
blue lines shows these profiles with the inclusion of the White wake function)
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compressible flows resulting in
T
T
ª
  1 
γ  1
2
Pr1~3M2
ª
1  
U
U
ª

2
	 
Tw  Taw
T
ª
1 
U
U
ª
 (6.9)
Pinckney76 argues that this relation differs substantially from some experimental work
and proposes a new formulation:
T
T
ª
 
Tw
T
ª
 1 
Tw
T
ª

U
U
ª

2
 
U
U
ª
 
U
U
ª

2
	
Taw  Tw
T
ª
Pr1~3

γ  1M2
ª
4U
ª
c
a

U
U
ª

2
 
U
U
ª

4
	 (6.10)
where c~a is a constant in the relationship between q˙~τ and U~U
ª
. The value of this
constant is derived through the boundary condition that the energy deficiency across
the boundary layer evaluated by integrating equation 6.10, must match the total heat
transfer of the entire boundary layer up to the streamwise location under consideration:
Q  
S
δ
0
ρUh0ªdy 
S
δ
0
ρUh0dy  
S
x
0
qwdx (6.11)
Q
ρ
ª
U
ª
h0ªδ
 
S
δ
0
U
U
ª
T
ª
T
1 
h
h0ª

γ  1
2
M2
ª
h
ª
h0ª

U
U
ª

2
	d
y
δ
 (6.12)
The value of c~a is varied until the right hand side matches the left.
Figure 6.7 compares CFD results from x~R   2.5 on the Rex0   2.25107 flat plate
to equations 6.9 and 6.10. While the CFD is a close correlation to both theories, it is
an almost exact match to Pinckney’s revised formulation with the older Crocco form
overpredicting the maximum temperature.
Figure 6.8 compares Cf and CH along the plate for all four Rex0 to theory created by
Van Driest97 involving transforming an incompressible theory to compressible relations.
The data used in this comparison was taken from charts of compressible Cf against Reθ
created by Hopkins42 based on the Van Driest (II) theory. This theory involves taking
an incompressible skin friction formulation in terms of Reynolds number and using
conversion factors to transform it to an equivalent compressible result. The Hopkins
chart uses an equation for skin friction given by Schoenherr86
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Figure 6.7: Temperature variation as a function of local velocity: Crocco’s method for
turbulent ZPGs. Rex0   2.25  10
7. Comparing CFD to two theories
0.242
»
CF
  log10RexCF  (6.13)
which can be differentiated to give a formula for local skin friction as
Cf  
0.242CF
0.242  0.8686
»
CF
(6.14)
where the overline indicates an equivalent incompressible value.
Van Driest’s original formulation gives Cf in terms of Rex but Hopkins relates this
to Reθ through the equation
CF  
Rex
Reθ
(6.15)
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Figure 6.8: Cf and CH vs. Reθ. Zero pressure gradient, four values of Rex0. Cf theory
from relations plotted by Hopkins.42 CH derived from Reynolds Analogy. Error bars
show 7% variation from the theory for Cf and 15% for CH . j  Rex0   1.4  10
6, Q 
Rex0   5.6  10
6, n  Rex0   2.25  10
7, Z  Rex0   9  10
7. Solid line: theory
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The transformation equations are then
Cf   FcCf (6.16)
CF   FcFF (6.17)
Reθ   FθReθ (6.18)
Rex   FxRex (6.19)
Fc  
rm
sin1α  sin1β2
for Me x 0 (6.20)
Fθ  
µe
µw
(6.21)
Fx  
Fθ
Fc
(6.22)
α  
2A2 B
4A2 B21~2
(6.23)
β  
B
4A2 B21~2
(6.24)
A   
rm
F

1~2
(6.25)
B  
1  rm  F
F
(6.26)
F  
Tw
Te
(6.27)
m   0.2M2e (6.28)
Squire? estimated that the Van Driest II correlation has an agreement accuracy of
3% with experiment while Roy and Blottner83 argue that this agreement is sometimes
rather erratic and that the accuracy should be considered closer to 5%. Figure 6.8(a)
shows 5% error bars on the CFD, the theory lies within these at all times. The theoret-
ical coefficient of heat transfer against Reθ was derived from the skin friction through
use of the Reynolds Analogy where:
2St
Cf
  Raf (6.29)
St  
q˙w
ρeUeHw Haw
(6.30)
Roy and Blottner feel that while experiments show that the Reynolds Analogy Factor
lies between 0.9 and 1.3, it is reasonable to assume Raf  1. Based on this value,
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the CFD in figure 6.8(b) has error bars of 15% within which the theory lies. Using a
different value for the Reynolds Analogy factor would no doubt result in a much closer
match which seems fair based on the not insignificant variation in the experimentally
defined value of Raf and the lower variation between the theory and CFD of the skin
friction.
6.2 Zero pressure gradient flow
6.2.1 Some boundary layer properties
As in the laminar case, increasing Rex0 leads to a thinner boundary layer as shown in
figure 6.9(a). However, from figure 6.9(b) it can be seen that as a proportion of the
local thickness at x0, a turbulent boundary layer grows more rapidly as Rex0 increases.
In the laminar case, for a zero pressure gradient boundary layer, the proportion of
the boundary layer that is subsonic asymptotes to approximately 18% for a M
ª
  4,
Tw~Tª   1 case, regardless of Rex0. In the turbulent case on the other hand, as shown in
figure 6.10, increasing Rex0 leads to decreasing subsonic region with the Rex0   1.4106
case trending towards 2% while the Rex0   2.25107 case is reaching less that 1% by the
end of the surface. Similarly, the line of maximum temperature through the boundary
layer drops as Rex0 increases. In a physical flow, an increase in Reynolds number means
that a flow is becoming more inertial with viscosity having a reduced damping effect on
turbulent fluctuations meaning more mixing bringing energy closer to the wall. This
leads to results in line with those observed here. The Baldwin-Lomax model does not
directly reflect this physical flow since it uses an algebraic model for turbulent viscosity.
However, variation in Rex0 leads to a change in boundary layer thickness as observes
and eddy viscosity in the outer region is a function of δ, amongst other things.
Figure 6.11 shows the wall pressure along the plate from laminar flow, through
transition to fully turbulent flow. Local wall pressure is several percent higher in the
fully turbulent boundary layer than in the laminar flow. The thicker boundary layers
at lower Rex0 deflect the outer flow to a greater degree leading to a higher induced
wall pressure in both the laminar and turbulent regions. The wall pressure has been
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Figure 6.9: Boundary layer edge for four Rex0 values on a ZPG flat plate. j  Rex0  
1.4  106, Q  Rex0   5.6  10
6, n  Rex0   2.25  10
7, Z  Rex0   9  10
7
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Figure 6.10: Sonic line and Tmax for four Rex0 values on a ZPG flat plate. j  Rex0  
1.4  106, Q  Rex0   5.6  10
6, n  Rex0   2.25  10
7, Z  Rex0   9  10
7
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raised as much as 4% over p
ª
in the Rex0   1.4 106 case at the start of the turbulent
region, however the decay with increasing streamwise distance appears slower than in
the laminar case leading to a lower effective favourable pressure gradient along the
surface although it is none-the-less present. From the onset of transition the pressure
drops sharply before rising smoothly to the fully turbulent value. This initial decrease
in pw is a numerical consequence of the transition switch-on model.
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Figure 6.11: Wall pressure variation for four Rex0 values on a ZPG flat plate. j 
Rex0   1.4  10
6, Q  Rex0   5.6  10
6, n  Rex0   2.25  10
7, Z  Rex0   9  10
7
6.2.2 Velocity and temperature profiles
Laminar boundary layer theory shows that for a zero pressure gradient flat plate non-
dimensionalising y and U in the correct manner will lead to a self-similar solution where
velocity and temperature profiles at different Rex collapse onto each other. Due to the
different viscous and turbulent properties of the regions within the turbulent boundary
layer it is not possible to find a similar set of non-dimensional parameters for the full
boundary layer thickness in turbulent flow. The velocity and temperature profiles in
this section are therefore shown in terms of Utot~Ue and T ~Tª against y~δ.
Figures 6.12 to 6.16 show profiles at stations of the flat plates well downstream
of transition in fully turbulent flow. Figures 6.12, 6.13, 6.14 and 6.15 show profiles
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Figure 6.12: Velocity and temperature profiles along the plate from x~x0   0 to 0.8
for Rex0   1.4  10
6. j  x~x0   0, Q  x

~x0   0.2, P  x

~x0   0.4, n  x

~x0   0.6, Z 
x~x0   0.8
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Figure 6.13: Velocity and temperature profiles along the plate from x~x0   0 to 0.8
for Rex0   5.6  10
6. j  x~x0   0, Q  x

~x0   0.2, P  x

~x0   0.4, n  x

~x0   0.6, Z 
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Figure 6.14: Velocity and temperature profiles along the plate from x~x0   0 to 0.8
for Rex0   2.25  10
7. j  x~x0   0, Q  x

~x0   0.2, P  x

~x0   0.4, n  x

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Figure 6.15: Velocity and temperature profiles along the plate from x~x0   0 to 0.8
for Rex0   9  10
7. j  x~x0   0, Q  x
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from x~x0   0 to 0.8 for the Rex0   1.4  106, Rex0   5.6  106, Rex0   2.25  107 and
Rex0   9  107 cases respectively. Figure 6.16 shows velocity and temperature profiles
at x~x0   0.8 for all four values of Rex0.
From the first four figures it is apparent that while not exactly self-similar, there
is little variation in the velocity and temperature profiles from station to station for
a given Rex0. What variation there is occurs in the inner 40% of the boundary layer
with velocity profiles becoming fuller and Tmax rising slightly as streamwise distance
increases. What is more striking is the change in shape for the profiles at x~x0   0.8
between Rex0. Figure 6.16 shows that the increasing fullness from one Rex to another
within a given Rex0 is far more pronounced as the intersection Reynolds number is
changed. Velocity and temperature increase more rapidly from their wall values as
Rex0 is increased which is reflected in greater skin friction and heat transfer in these
cases. The temperature profile is far more angular in higher Reynolds number cases
moving further and further away from the smooth curve of a laminar temperature
profile. Close-ups of the inner region of the temperature profiles in these figures show
the increasing proximity of Tmax to the wall as Rex0 increases. This reflects the variation
in Tmax line over the surface and between values of Rex0 as observed in section 6.2.2.
6.2.3 Cf , CH and the Reynolds analogy
The mixing that occurs in turbulent boundary layers leads to far higher velocity close
to the wall than for a laminar flow. This in turn leads to a far greater near wall tem-
peratures, increased velocity and temperature gradients at the wall and subsequently
higher skin friction and heat transfer in turbulent boundary layers compared with lam-
inar ones. This is amply demonstrated in figures 6.17(a) and 6.18(a). Both of these
figures show their respective wall properties from the laminar region through transition
to fully turbulent flow. The increase through transition is as much as 15 times from
laminar to turbulent Cf in the Rex0   9  107 case. Heating and skin friction drag are
far greater problems with turbulent boundary layers than laminar.
Unlike in the laminar zero pressure gradient cases, τw~τ0 and q˙w~q˙0 do not collapse
onto each other in the zero pressure gradient cases. However, figure 6.8 shows the skin
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Figure 6.16: Velocity and temperature profiles at x~x0   0.8 comparing four values of
Rex0. j  Rex0   1.4  10
6, Q  Rex0   5.6  10
6, n  Rex0   2.25  10
7, Z  Rex0   9  10
7.
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friction and heat transfer coefficients plotted against local Reθ and in these cases, the
lines do indeed converge much as plotting their laminar counterparts against Rex.
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Figure 6.17: Local shear stress along the surface. j  Rex0   1.4  10
6, Q  Rex0  
5.6  106, n  Rex0   2.25  10
7, Z  Rex0   9  10
7.
Section 6.1.5.2 noted the regular use of the Reynolds Analogy to deduce heat trans-
fer from measures Cf in experiments. Figure 6.19 shows Raf for the four zero pressure
gradient flows based on equation . In these cases, Raf  0.99, extremely close to Roy
and Blottners assumption of 1.
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Figure 6.18: Local heat transfer along the surface. j  Rex0   1.4  10
6, Q  Rex0  
5.6  106, n  Rex0   2.25  10
7, Z  Rex0   9  10
7.
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Figure 6.19: Reynolds Analogy for four Rex0 values on a ZPG flat plate showing the end
of transition to x~x0   0. j  Rex0   1.4  10
6, Q  Rex0   5.6  10
6, n  Rex0   2.25  10
7,
Z  Rex0   9  10
7.
6.3 Adverse pressure gradient flows
6.3.1 Boundary layer edge and the sonic line
The change from zero pressure gradient to adverse pressure gradient has the effect, as
in the laminar cases, of retarding the growth of the boundary layer. Unlike the laminar
cases however, only the x0~R   4 case causes an actual reduction in the boundary
layer thickness. Even then this drop is very low and is followed by a resumption of
growth. Indeed in the laminar cases, with increased Rex0 came a greater decrease in δ.
In these turbulent cases however, increased Rex0 appears to make the boundary layer
more resistant to changes in pressure gradient with more substantial boundary layer
growth in the far downstream for higher Reynolds number flows.
The edge velocity and temperature varies along the boundary layer edge in the same
way for all of the cases from approximately x~R   1.5. In the region just downstream
of x0, the rapidity of reaction to the change in geometry varies dependent upon both
the severity of the compression and the value of Rex0. As x0~R increases it takes longer
for Ue~Uª or Te~Tª to change from the zero pressure gradient values to the pressure
gradient value. Moreover, the lower Rex0, the marginally slower the reaction which is
exacerbated by increasing x0~R.
This delayed reaction is shown again more distinctly in the effect of geometry change
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Figure 6.20: Variation in boundary layer height with streamwise distance along the
compression curve for four pressure gradients comparing three Rex0. j  x0~R

  1, Q 
x0~R

  2, n  x0~R

  3, Z  x0~R

  4
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Figure 6.21: Variation in velocity and temperature at the boundary layer edge with
streamwise distance along the compression curve for four pressure gradients comparing
three Rex0. j  x0~R

  1, Q  x0~R

  2, n  x0~R

  3, Z  x0~R

  4. Red, green and
blue symbols for Rex0   5.6  10
6, Rex0   2.25  10
7 and Rex0   9  10
7 respectively
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on the sonic line for each of the pressure gradient cases (figure 6.22(a)). The x0~R   1
case causes the sonic line to drop slight more slowly than in the zero pressure gradient
cases but the sonic line height does decrease monotonically with distance for all three
Rex0 cases at this pressure gradient. In the x0~R   2 cases the smooth decrease in
ySL~δ occur a little downstream with an inital region of lower gradient. In the x0~R   3
and 4 cases there is an evident increase in the proportion of the boundary layer that is
subsonic in the region just downstream of x0 for all three Reynolds numbers. However
as Rex0 decreases this become far more pronounced.
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Figure 6.22: Variation in sonic and Tmax line with streamwise distance along the
compression curve for four pressure gradients and three Rex0. j  x0~R

  1, Q  x0~R

 
2, n  x0~R

  3, Z  x0~R

  4. Red, green and blue symbols for Rex0   5.6  10
6,
Rex0   2.25  10
7 and Rex0   9  10
7 respectively
In all of the turbulent cases, the reaction to the change in pressure gradient occurs
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downstream of x0. Since information cannot be propagated upstream in the supersonic
flow, the extremely low proportion of the boundary layer that is subsonic severely limits
upstream effects.
6.3.2 Velocity and temperature profiles
The following section shows velocity and temperature profiles for the four pressure
gradients in the three Reynolds number cases. For the lowest pressure gradient, the
difference in the near-wall velocity profile is greater from station to station compared to
the zero pressure gradient case. As x0~R increases however the velocity profiles at each
along the compression curve become increasingly uniform, moreso as Rex0 decreases.
Looking again at the variation in the boundary layer edge in figure 6.20 it is perhaps
permissible to think that much as with x0~R   1 for the laminar flows, the x0~R   4
case is approaching a pressure gradient for which the compression of the boundary
layer equals the natural tendancy of the boundary layer to grow. One thing is clear
however, compared to the laminar boundary layers, all of these pressure gradients are
well below those needed for separation of a turbulent boundary layer.
The temperature profiles show far less variation from station to station in turbulent
flow than in the comparable laminar conditions. In terms of the flow physics this
would imply that the mixing that occurs in turbulent flow reduces the effect of changes
wrought by relatively mild pressure gradients. Since the flow closest to the wall is the
slowest, this region is the most significantly affected by a change from ZPG to adverse
pressure gradient. In the laminar boundary layer, this can be quite dramatic with the
boundary layer separating before reaching x0~R   5. In the turbulent case, turbulent
mixing means that the near-wall region can maintain a high velocity in the face of
much stronger pressure gradients. Since the flow properties remain far more consistent,
velocity and temperature profiles are naturally more consistent from station to station.
In terms of the code, this is reflected in the reduced variation in the boundary layer
thickness leading to a more consistent value of eddy viscosity and therefore turbulence
within the boundary layer.
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Figure 6.23: Velocity profiles along the plate from x~R   0 to 2.5 for x0~R

  1
comparing three Rex0. j  x

~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z 
x~R   2,   x~R   2.5
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Figure 6.24: Velocity profiles along the plate from x~R   0 to 2.5 for x0~R

  2
comparing three Rex0. j  x

~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z 
x~R   2,   x~R   2.5
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Figure 6.25: Velocity profiles along the plate from x~R   0 to 2.5 for x0~R

  3
comparing three Rex0. j  x

~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z 
x~R   2,   x~R   2.5
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Figure 6.26: Velocity profiles along the plate from x~R   0 to 2.5 for x0~R

  4
comparing three Rex0. j  x

~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z 
x~R   2,   x~R   2.5
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Figure 6.27: Temperature profiles along the plate from x~R   0 to 2.5 for x0~R

  1
comparing three Rex0. j  x

~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z 
x~R   2,   x~R   2.5
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Figure 6.28: Temperature profiles along the plate from x~R   0 to 2.5 for x0~R

  2
comparing three Rex0. j  x

~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z 
x~R   2,   x~R   2.5
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Figure 6.29: Temperature profiles along the plate from x~R   0 to 2.5 for x0~R

  3
comparing three Rex0. j  x

~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z 
x~R   2,   x~R   2.5
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Figure 6.30: Temperature profiles along the plate from x~R   0 to 2.5 for x0~R

  4
comparing three Rex0. j  x

~R   0, Q  x~R   0.5, P  x~R   1, n  x~R   1.5, Z 
x~R   2,   x~R   2.5
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Figure 6.31: Temperature profiles at x~R   2.5 for four pressure gradients comparing
three Rex0. j  x0~R

  1, Q  x0~R

  2, n  x0~R

  3, Z  x0~R

  4
6.3. Adverse pressure gradient flows 235
T/T
∞
y N
/δ
1 1.2 1.4 1.6 1.8 20
0.2
0.4
0.6
0.8
1
1.2
(a) Rex0   5.6  10
6
T/T
∞
y N
/δ
1 1.2 1.4 1.6 1.8 20
0.2
0.4
0.6
0.8
1
1.2
(b) Rex0   2.25  10
7
T/T
∞
y N
/δ
1 1.2 1.4 1.6 1.8 20
0.2
0.4
0.6
0.8
1
1.2
(c) Rex0   9  10
7
Figure 6.32: Temperature profiles at x~R   2.5 for four pressure gradients comparing
three Rex0. j  x0~R

  1, Q  x0~R

  2, n  x0~R

  3, Z  x0~R

  4
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6.3.3 Cf and CH
In the laminar boundary layer cases, a significant drop in shear stress and a noticable
drop in heat transfer occurred just downstream of x0. Figures 6.33 and 6.34 showing
shear stress and heat transfer for the four turbulent pressure gradient shows very little
corresponding reaction. Both wall properties show substantial increase as the boundary
layer is compressed. Compared to the laminar cases, the shear stress and heat transfer
rise in much the same fashion for a given pressure gradient and Rex0 combination.
Indeed as Rex0 is increased, the τw~τ0 and q˙w~q˙0 for the higher pressure gradients start
to converge.
On a positive note, a turbulent boundary layer is able to tolerate far more rapid
compression than a laminar one meaning that, for example, scramjet intake with a
turbulent boundary layer can be much shorter. On the downside, this will result in far
greater heating and friction drag. Equally in order to try to use the non-equilibrium
effect of change in pressure gradient to design a compression ramp with managed level
of skin friction and heat transfer far more dramatic changes in pressure gradient will be
needed. That said, the Baldwin-Lomax model or indeed any model without significant
history effects may well not model this non-equilibrium effect accurately or even at all.
6.3.4 Pressure lag
While the Baldwin-Lomax model is intrinsically an equilibrium model and as such
theoretically unsuited for studying non-equilibium effects, a discussion of the effect of
the geometry change on pressure variation parameters is still deemed worthwhile.
In chapter 5, the parameters ∆p and λ were defined to indicate the pressure varia-
tion across a boundary layer undergoing compression. These were designated in order
to discuss non-equilibrium effects when a flow changes from one pressure gradient to
another (in this case from zero to a constant linear adverse pressure gradient). The
following section discusses these parameters for the turbulent cases.
Figure 6.35(a) shows the variation in pw and pe (empty and filled symbols respec-
tively) for the x0~R   4 laminar and turbulent cases respectively at the same Rex0.
As discussed previously, a subsonic region of only a few percent of the total boundary
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Figure 6.33: Local shear stress variation along the compression curve for four pressure
gradients comparing three Rex0. j  x0~R

  1, Q  x0~R

  2, n  x0~R

  3, Z  x0~R

  4
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Figure 6.34: Heat transfer variation along the compression curve for four pressure
gradients comparing three Rex0. j  x0~R

  1, Q  x0~R

  2, n  x0~R

  3, Z  x0~R

  4
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Figure 6.35: Variation in pressure with streamwise distance for the x0~R

  4 case
in the region of the start of the compression curve showing the laminar and turbulent
version of the same geometry. (a) Close-up of the compression corner region showing
pw~pª (empty symbols) and pe~pª (filled symbols) for both laminar and turbulent cases.
Empty symbols: pw, filled symbols: pe
layer thickness means that upstream propagation of information is negligible in the
turbulent case in comparison to the laminar.
Since both the laminar and turbulent cases have the same surface geometry and the
same freestream Mach number, it could be expected that the rise in pw at a given x~R
would be the same. However, whilst the observed pressure gradients have converged by
approximately x~R   1, the laminar flow shows a more rapid, linear initial increase in
wall pressure whilst the turbulent case is somewhat more leisurely (see figure 6.35(b)).
As with the laminar case, there is a delay between the rise in pressure at the wall
and at the boundary layer edge as shown in figures 6.38 and 6.37. Also as with the
laminar cases, when normalised by local shear stress, the pressure variation for a given
x0~R collapses together for multiple Rex0.
In these cases, the boundary layer growth is merely slowed and not actually reversed.
Since the boundary layer is still becoming thicker, the length of the Mach lines from
the sonic line to the boundary layer edge is still growing and therefore the distance
(and consequently time) for pressure information propagation is still increasing.
Figures 6.38 and 6.39 show the streamwise pressure lag parameter along the com-
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Figure 6.36: Pressure difference variation along the compression curve for four pressure
gradients comparing three Rex0. j  x0~R

  1, Q  x0~R

  2, n  x0~R

  3, Z  x0~R

  4
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Figure 6.37: Pressure difference normalised by local shear stress variation along the
compression curve for four pressure gradients comparing three Rex0. j  x0~R

  1, Q 
x0~R

  2, n  x0~R

  3, Z  x0~R

  4. Red, green and blue symbols for Rex0   5.6 10
6,
Rex0   2.25  10
7 and Rex0   9  10
7 respectively
pression curve for the four pressure gradients in at three values of Rex0. There, very
little variation in λ occurs between the different pressure gradients for a given x0~R
in the turbulent case in comparison to the laminar. λ is also greater in the turbulent
cases than the laminar even though these are much higher Reynolds numbers.
The most significant factor in this variation is surely the evolution of the velocity
profile throughout the boundary layer. In the laminar case, the velocity varies gently
throughout the boundary layer thickness, while the turbulent cases have a sharp rise
reaching 50% of the edge velocity by 0.1δ compared to 0.35δ in the laminar case. This
means that the majority of the boundary layer flow is at relatively high Mach number
and the higher the Mach number, the greater the downstream sweep of a Mach line.
The turbulence cases follow the same trend of decreasing λ with streanwise distance
as the freestream Mach number drops along the curve thus reducing the horizontal
sweep of the local Mach lines.
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Figure 6.38: Variation of λ along the compression surface, for four pressure gradients
comparing three Rex0. j  x0~R

  1, Q  x0~R

  2, n  x0~R

  3, Z  x0~R

  4
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Figure 6.39: Variation of λ along the compression surface, for four pressure gradients
and the three Rex0 together. j  x0~R
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6.4 Summary
 Turbulence modelling is extremely approximate. The results produced in this in-
vestigation match established theoretical and experimental results for ZPG flows
to within 20% error although frequently far more accurately.
 Variation in sonic line and maximum temperature line height appears to have
the same correlation with shear stress and heat transfer respectively as in the
laminar cases.
 The pressure difference across the turbulent boundary layer is significantly greater
than in the laminar case in all situations.
 Due to the extremely thin subsonic region in the turbulent boundary layers the
turbulent cases experience negligible upstream influence of the change in pressure
gradient. The interaction region in which wall properties such as shear stress and
heat transfer drop is extremely small if not negligible in the turbulent cases.
 Turbulence causes significant increases in both shear stress and heat transfer for
flows subjected to adverse pressure gradients over their laminar counterparts.
Chapter 7
Conclusions and extensions
This thesis set out to extend the body of knowledge surrounding high Mach number
compression flows. As well as investigating wall values for a range of laminar and
turbulent flows and laminar separation separation limits, a significant portion of this
thesis focused on the non-equilibrium reponse of boundary layers to changes in pressure
gradient.
Boundary layer flows are subjected to a combination of inertial and viscous forces.
In constant pressure gradient conditions these forces are in equilibrium. Exposing a
flow to a change in pressure gradient upsets this balance, producing a non-equilibrium
mismatch in response time of the corresponding processes to these changes. Their
direct relation to velocity means that the inertial forces within the boundary layer
respond rapidly to changes in flow conditions. Viscosity is a diffusive effect and, as
such, the viscous forces are slower acting.
Computational results for boundary layers over geometries changing from zero pres-
sure gradient to linear constant adverse pressure gradients were presented. Compres-
sion parameters, x~R and δ0~R, were derived from dimensional analysis. It appears
that as x~R becomes large, the flow tends towards that which would be produced by
a a boundary layer having its origin in a constant adverse pressure gradient. Increasing
δ0~R indicates a flow that is likely to be more resistant to changes in pressure gradient.
From this and the subsequent investigation, is was concluded that flows subject to this
kind of change in pressure gradient can be divided into three sections: a fully developed
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ZPG flow, a fully developed adverse pressure gradient flow, and an interaction region
between the two. This interaction region extends for greater x~R both downstream
and upstream of x0 as Rex0 increases.
7.1 Fully developed flows
In either of the laminar fully developed flows, the value of Rex0 (the Reynolds number
at the start of the compression curve) had little effect on non-dimensional values of
properties such as velocity and temperature profiles and skin friction and heat trans-
fer. In the turbulent case, on the other hand, all of these properties were affected
as increased Rex0 excited near wall turbulence raising wall velocity and temperature
gradients.
In the interaction region around x0, the start of the compression curve, the value
of Rex0 has significant effect. Lowering Rex0 causes the boundary layer to grow more
rapidly, increasing δ0. This boundary layer has greater capacity to be compressed
than a thinner one created by a higher Reynolds number flow. A change in pressure
gradient causes a drop in local wall shear stress and heat transfer in the region of
x0. The stronger the pressure gradient, the more significant the reduction. At higher
x0~R, flows with higher Rex0 show more rapid and more significant decrease in both
τw~τ0 and q˙w~q˙0. After this initial decrease, both wall properties begin to rise, with
greater rapidity as x0~R increases.
Extension 1 An obvious extension would be to investigte the creation of an optimum
intake geometry for drag and heat transfer reduction. By changing (either constantly,
or in small increments) from one pressure gradient to an increasingly larger adverse
pressure gradient, it should be possible to compress the flow whilst maintaining the
wall properties in the decreasing phase.
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7.2 Non-equilibrium effects
It is generally assumed when studying boundary layers that there is no pressure gradient
normal to the wall within the boundary layer in question. The pressure at the wall
is therefore equal to the pressure at the edge of the boundary layer and is, in fact,
dictated by the pressure in the free stream flow. For a flat plate, this is indeed a valid
assumption, however the wall curvature brings accompanying changes. The transverse
pressure difference between pw and pe along a given wall-normal profile is proportional
to x0~R, Mª and 1~Rex0. The transverse pressure difference, ∆p is created by a
combination of Machline lag, λ, and centrifugal effects. Viscosity attempts to reduce
the normal pressure gradient.
Outside of the interaction region, the streamwise distance from a given station
required for pe to rise to match pw at that point (λ) is the same for a given pressure
gradient, regardless ofRex0. The stronger x0~R, the lower λ. This streamwise distance,
λ, is the same length as the streamwise distance a Machline from the same station will
cover between the sonic line and the boundary layer edge. λ can therefore be thought
of as the Machline lag. Within the interaction region, the greater Rex0, the lower peak
λ, however the further upstream of x0 this peak occurs.
When subjected to too severe an adverse pressure gradient, a boundary layer will
separate. From the computations, it became apparent that the separation began down-
stream of x0 and then trickled back upstream until a separation bubble formed. A
hysteresis effect in reattaching a separated boundary layer was found on these geome-
tries. The constant curvature means there is no single point to trigger separation and
no possibility of finding the incipient separation pressure.
Extension 2 An extension to this work would be to run comparisons as axisymmet-
ric code. These computations were for planar flow. Taking the same geometry as an
axisymmetric flow would mean that thinning of the boundary layer would be exacer-
bated on the compression curve. The separation x0~R would likely be reduced. This
would also no doubt have significant effect on the wall and non-equilibrium properties
in the interaction region.
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7.3 Turbulent changes in pressure gradient
Given the approximate nature of turbulence modelling, the results produced in this
investigation match established theoretical and experimental results to within a satis-
factory 20% error.
Due to the extremely thin subsonic region in the turbulent boundary layers the
turbulent cases experience negligable upstream influence of the change in pressure
gradient. The interaction region in which wall properties such as shear stress and heat
transfer drop is extremely small if not negligable in the turbulent cases. Despite this,
the pressure difference across the turbulent boundary layer is significantly greater than
in the laminar case
It was proposed that the height of both the sonic line and the line of maximum
temperature have a direct correlation to the shear stress and heat transfer respectively
along a surface. This same correlation appeared to hold for the turbulent and laminar
cases. Turbulence causes significant increases in both shear stress and heat transfer for
flows subjected to adverse pressure gradients over their laminar counterparts.
Extension 3 At high Mach number, the extent of the intermittent transition re-
gion can be significant, indeed it may extend between 20 to 80% of a spaceplane-type
vehicle’s body.85 As such it would be of interest to create a relatively simplistic engi-
neering model of transition by seeding a small blob of turbulence in a pre-converged
laminar bounary layer. Using this on the change in pressure gradient might give a
better indication of a real life response from a high Mach number flow.
Appendix A
Design of the ramp curvature
As mentioned in chapter 3, the compression ramps were designed using inviscid Prantl-
Meyer turning theory. The following section details an example of this design.
Number of segments, n Want same pressure ratio 4:1 Rapidity of compression -
pressure ratio at the end of a metre (0.5m) pvar/m = pfm  1
In all of the pressure gradient cases used in this thesis the pressure ratio pf~pi is
the same with a linear increase in pressure from start to finish. What varies is the rate
of compression - the compression length.
Using Prandtl-Meyer turning theory, by knowing the change in static pressure from
one point to another (∆x) the consequent change in Mach number can be derived and
subsequently the local Prandtl-Meyer function, wall angle and hence ∆y. The greater
the number of segments in x, the more refined and accurate the calculated compression
curve.
For a desired pressure gradient, the streamwise distance, L, necessary to achieve
the required pressure variation can be determined. The distance between x1 and x2,
∆x can be determined as L~segments. The new pressure at x2:
p2   
dp
dx
∆x  p1 (A.1)
Since the compression is isentropic, the total pressure is invariant. The relationship
between the local Mach number and the local pressure is given through the isentropic
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relations
p0
p
  1 
γ  1
2
M2
γ
γ1
(A.2)
which can be rearranged to give the local Mach number after the pressure change
M2  
¿
Á
Á
Á
Á
À

p0
p2
Ǳ
γ1
γ
 1
γ1
2
(A.3)
The Prandtl-Meyer function νM can then be calculated
ν2   
γ  1
γ  1

1
2
tan1 
γ  1
γ  1
M22  1
1
2
tan1M22  1
1
2 (A.4)
The local wall angle at x2 is then
θ2   νMª  ν2 (A.5)
taking the slope between x1 and x2 as
θ12  
θ2  θ1
2
(A.6)
from this the height of the curve at x2 can be derived as
y2   y1 ∆xtanθ12 (A.7)
The coordinates of this curve are given to the mesh code to interpolate the lower
surface of the compression curve.
Example values for the strongest pressure gradient are shown in table A.1 and figure
A.1.
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x  x0~x0 p~pª p0~p M νM θ θ12 y~x0
(rad) (rad)
0.00 1.0 151.84 4.0000 1.1482 0.00000 0.0000 0.000
0.05 1.2 126.53 3.8645 1.1161 0.03203 0.0160 0.001
0.10 1.4 108.45 3.7517 1.0882 0.05994 0.0460 0.003
0.15 1.6 94.90 3.6553 1.0634 0.08473 0.0723 0.007
0.20 1.8 84.35 3.5712 1.0411 0.10711 0.0959 0.012
0.25 2.0 75.92 3.4967 1.0206 0.12754 0.1173 0.017
0.30 2.2 69.02 3.4299 1.0018 0.14636 0.1369 0.024
0.35 2.4 63.26 3.3694 0.9843 0.16383 0.1551 0.032
0.40 2.6 58.40 3.3140 0.9680 0.18016 0.1720 0.041
0.45 2.8 54.23 3.2631 0.9527 0.19549 0.1878 0.050
0.50 3.0 50.61 3.2160 0.9382 0.20996 0.2027 0.061
0.55 3.2 47.45 3.1721 0.9245 0.22367 0.2168 0.072
0.60 3.4 44.66 3.1311 0.9115 0.23670 0.2302 0.083
0.65 3.6 42.18 3.0925 0.8990 0.24912 0.2429 0.096
0.70 3.8 39.96 3.0562 0.8872 0.26100 0.2551 0.109
0.75 4.0 37.96 3.0219 0.8758 0.27239 0.2667 0.122
Table A.1: Example curve geometry based on Prandtl-Meyer turning theory
(x-x0)/x0
y/
x 0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.70
0.02
0.04
0.06
0.08
0.1
0.12
Figure A.1: Example run geometry: high adverse pressure gradient, rapid compression
case
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